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Recently, there has been renewed interest in the theory and applications of de Paiva’s dialectica cat-
egories and their relationship to the category of polynomial functors. Both fall under the theory of
generalized polynomial categories, which are free coproduct completions of free product comple-
tions of (monoidal) categories. Here we extend known monoidal structures on polynomial functors
and dialectica categories to generalized polynomial categories. We highlight one such monoidal
structure, an asymmetric operation generalizing composition of polynomial functors, and show that
comonoids with respect to this structure correspond to categories enriched over a related free coprod-
uct completion. Applications include modeling compositional bounds on dynamical systems.

1 Introduction

Categories whose morphisms (often referred to as /lenses) model bidirectional data flows are ubiquitous
in applied category theory, with applications to such diverse fields as logic [Pai88; TSP22], database
management [JRW12; GJ12; AU17], game theory [Hed17; Atk+21; Cap22], dynamical and distributed
systems [Spi20; Mye21; LLP22; Smi22; SS22a], and machine learning [FJ19; FST19; Cru+22]. Moss
observed that we can obtain a general class of such categories through free product and coproduct
completions—universal constructions with convenient concrete characterizations [Mos22]. That is, start-
ing from a category C, we can form a larger category XIIC whose objects are formal coproducts of
products of objects in C, or polynomials in C for short; then the morphisms between these coproducts
of products naturally have both a forward component and a backward component in addition to subsum-
ing the original morphisms from C. Examples of such generalized polynomial categories include the
category Poly of polynomial functors, which may be used to model interaction protocols [NS23]; and
a category whose homogeneous polynomials span a full subcategory equivalent to de Paiva’s dialectica
category on sets, a model for intuitionistic linear logic [Pai88]. We review the construction of XI1C and
exhibit these examples in Section 2.

The utility of these examples lies not only in their bidirectional morphisms but also in the assorted
ways in which such morphisms can be combined via monoidal products. It turns out that a monoidal
structure on C may be lifted to a monoidal structure on XIIC in multiple ways. We present two such
ways in Section 3—one classical, given by an iterated Day convolution (as in [Day70]); and one we
believe is new in the literature, generalizing functor composition in Poly.

Many applications of polynomial functors (as in [NS23]) depend on the following remarkable result
by Ahman and Uustalu [AU16; AU17]: the category of comonoids in Poly with respect to the compo-
sition product is equivalent to the category whose objects are small categories and whose morphisms
are cofunctors, as introduced by Aguiar [Agu97]. Our main result, Theorem 4.3, is that Ahman and
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Uustalu’s statement naturally generalizes to XIIC. By replacing Poly with XI1C equipped with our gen-
eralized composition product, comonoids become small enriched categories—whose base of enrichment
is XC°P with Day convolution. Then morphisms of these comonoids generalize cofunctors to the enriched
setting in a way that coincides exactly with Clarke and Di Meglio’s recent definition of enriched cofunc-
tors [CM22]. We review the necessary definitions before presenting this correspondence in Section 4 via
an explicit construction.

In Section 5, we take C to be the extended nonnegative reals to demonstrate how morphisms in XI1C
may be used to model dynamical systems with boundedness conditions preserved by the generalized
composition product. Such morphisms can be lifted to enriched cofunctors via a right adjoint to the
forgetful functor from comonoids to their underlying objects; we review a few examples before stating
the general result as Theorem 5.6. Finally, we suggest directions for future work in Section 6.

Acknowledgments

The authors are indebted to the mentorship of Valeria de Paiva at the 2022 AMS MRC and to insight and
feedback from our fellow mentees: Charlotte Aten, Colin Bloomfield, Eric Bond, Matteo Capucci, Bruno
Gavranovié, Jérémie Koenig, Abdullah Malik, Francisco Rios, Jan Rooduijn, and Jonathan Weinberger.
This material is based upon work supported by the National Science Foundation under Grant Number
DMS 1641020. Any opinions, findings, and conclusions or recommendations expressed in this material
are those of the authors and do not necessarily reflect the views of the National Science Foundation.

2 Free (co)product completions and polynomial categories

We begin by recalling two constructions on a category C: the free product completion and its dual, the
free coproduct completion. Here we follow Moss [M0s22]; we omit proofs for standard results.

Definition 2.1. The free product completion of a category C is the category I1C, where
* an object, denoted [];; c;, consists of
— aset/;
— for each i € I, an object ¢; in C;
* amorphism @: [];c;¢; = [1jesd;) consists of
— afunction @': J — I;
— foreach j € J, amorphism @;: ¢y, — d; in C. O
The category C embeds into IIC as a full subcategory via ¢ — I1,.c1c, where 1 := {x} is the singleton
set. As implied by the name “free product completion,” the category I1C equipped with the embedding
C — IIC is universal among categories D with small products equipped with functors C — D.
We may alternatively characterize IIC as follows, using the fact that [C,Set]°P equipped with the
Yoneda embedding C < [C, Set|°P is the free limit completion of C and restricting to products.

Proposition 2.2. The category I1C is equivalent to the full subcategory of [C,Set|°P spanned by products
of representable functors.

Definition 2.3. The free coproduct completion of a category C is the category XC, where
* an object, denoted ) ;; ¢;, consists of
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— aset/;
— for each i € I, an object ¢; in C;
* amorphism @: },c;¢c; — Y jc;d; consists of
— afunction @: I — J;
— for each i € 1, a morphism ¢;: ¢; — dg; in C. O

There is a fully faithful functor C — XC sending ¢ — ) ,c; ¢. Comparing the definitions, we find that
(XC°P)°P ~ I1IC; in particular, dualizing Proposition 2.2 yields the following.

Proposition 2.4. The category X.C is equivalent to the full subcategory of [C°P, Set] spanned by coprod-
ucts of representable functors.

The category XC equipped with the embedding C < XC is universal among categories D with small
coproducts equipped with functors C — D; in particular XC has small coproducts. As for products in XC,
we have the following proposition.

Proposition 2.5. If C has all small products, then XC has all small products given by a distributive law

[TYci= Y [ (1)

i€l jeJ; ;GHJi iel
iel
Proof. Apply Proposition 2.4. Since products of presheaves are computed pointwise, products of repre-
sentables in [C°P, Set| are representable, and Eq. (1) holds in Set, the conclusion follows. O

If we freely add products, then freely add coproducts, we obtain the central construction of this paper.

Definition 2.6. The category XI1C of polynomials in C is the category where
e an object, denoted Y ;c; [ 144, Ci.a» cOnsists of
— aset [ of positions;
— foreachi €1, a set A; of directions at i;
- a doubly-indexed family (c;q)icrqca of objects of C, called predicates;
* amorphism @: Ye[laea, Cia = Ljes[lven; djp consists of
— an on-positions function ¢: I — J;
— for each i € I, an on-directions function (p}j i Byi — A
— foreachi € I and b € By;, an on-predicates map ¢; , : € ofb — dgip. %
Unraveling the definitions, we see that XIIC is indeed the free coproduct completion of the free
product completion of C. The following characterization of the hom-sets of XI1C is immediate.

Proposition 2.7. The hom-sets of LI1C are given by

2nc( Y [ o ¥ [T 4i0) =TTL TT X Cleiardin).
i€l acA; JEJ bEB; i€l jeJbeBjacA;
Even though we added products before we added coproducts, Proposition 2.5 ensures that XI1C has
all products in addition to having all coproducts and that these products distribute over coproducts.
The construction of XT1C generalizes two particularly versatile categories: the category of polynomial
functors and one of de Paiva’s dialectica categories [Pai88]. In the remainder of this section, we review
each of these categories in turn, observing how they arise from categories of polynomials.
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The category of polynomial functors
We consider XIIC a generalized polynomial category because it generalizes the category Poly of poly-
nomial functors, which we recall below.

Definition 2.8. A polynomial functor p: Set — Set is a coproduct of representable functors. That is,
there exist / € Set and p[i] € Set for each i € I such that, for y?! := Set(p[i], —),

p=Yy gyl
icl
We call the elements of p(1) 221 the positions of p and the elements of pli] the directions of p ati.! We
denote the category of polynomial functors and the natural transformations between them by Poly. ¢

It turns out that Poly is the category of polynomials in the terminal category 1, consisting of one
object and no non-identity morphisms.

Proposition 2.9. Poly ~ XI11.
Proof. By definition, IT1 ~ Set°®. Then Proposition 2.4 implies that XIT1 is the full subcategory of
[Set, Set] spanned by coproducts of representables. O

Viewing Poly as XI11, we can characterize the morphisms of Poly as follows.

Example 2.10. A morphism ¢@: p — g in Poly ~ XII1 consists of
* an on-positions function ¢;: p(1) — ¢(1);
» for each i € p(1), an on-directions function (pl.ﬁ: qlei] — pli]. O

The dialectica category on sets

Rather than working with the entire category of polynomials in C, it is sometimes easier to work with
one of its full subcategories, which we define below.

Definition 2.11. A polynomial in C is homogeneous? if it can be written in the form

Y T

iclacA

where the set A does not depend on i € 1. We let Hmg(C) denote the full subcategory of XIIC spanned
by homogeneous polynomials. O

As an example, let 2 denote the walking arrow category, which has two objects L and T and one
non-identity arrow 1. — T.

Example 2.12. In the category Hmg(2),
* an object, denoted ) ;c; [ ca Cia» cOnsists of
— two sets, / and A;
— foreach (i,a) € I x A, an object¢;, € {1, T};

I'The “positions” and “directions” terminology for Poly was introduced by Spivak for polynomial functors [Spi20].
ZWe use a subscript 1 for the on-positions function as it is the 1-component of ¢ as a natural transformation [NS23].
3The terminology comes from algebra, where a homogeneous polynomial is one whose summands all have the same degree.
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* amorphism @: Yc;[lscacia = Ljes[1repd; b consists of
— afunction ¢: I — J;
— afunction @*: I x B — A; such that
— foreachieland b € B, if ¢; i (;p) = T, thendgip = T. O

This is precisely de Paiva’s original dialectica category on Set [Pai88].

Proposition 2.13. Hmg(2) ~ Dial(Set).

3 Monoidal structures on polynomial categories

Most of the applications of Poly and Dial(Set) rely on their monoidal structures; in this section, we will
generalize such structures to XIIC. Throughout, let (C,e,-) be a monoidal category with unit e € C and
product -: C x C — C. The monoidal structure on C then induces monoidal structures on XI1C.

3.1 The parallel product

A monoidal product - on C always induces a monoidal product ® on the free colimit completion [C°P, Set]
of C: the Day convolution, which agrees with - on the full subcategory C < [C°P, Set].

Proposition 3.1. The Day convolution ® on [C°P,Set| restricts to a monoidal product on the free co-

product completion XC of C, yielding a distributive monoidal category (£C,e,®).

Proof. The Day convolution [Day70] is a coend construction and thus preserves coproducts. Hence XC
is closed under ®, and ® distributes over coproducts:

(Ee)o(Ld)=XY@od)= ¥ (a-d)). -
il jes iel jeJ (i.j)elxJ
The formula above tells us how to evaluate © on arbitrary objects in XC. We dualize this construction
to obtain an analogous monoidal product on I1C ~ (XC°P)°P.
Proposition 3.2. There is a monoidal structure on I1C with unit e whose monoidal product ® is given by

(Meo)o ()= T Gcord)

beB (a,b)cAxB

Thus, to obtain a monoidal structure on XIIC, we first lift the monoidal structure on C to IIC, then
lift the monoidal structure on I1C to XIIC.

Proposition 3.3. There is a monoidal structure on XI1C with unit e whose monoidal product, which we
call the parallel product and denote by ®, is given by

(X TTew)® (X TT ) = X X TT T (coa-dio)

iclacA; JEJ bEB; i€l jeJ acA; beB;

Proof. Apply Proposition 3.2 on (C, e, ®) to obtain (IIC,e,®), then apply Proposition 3.1 on (IIC, e, ®)
to obtain (XI1C,e,®). O
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Example 3.4. To justify our use of the name “parallel product,” we consider an example. Let C := 1,
whose unique object we call y. There is a unique monoidal structure on C given by y-y = y.

Following [NS23], in XII1 ~ Poly, an object } ;c; [ [4c4, ¥, Which we denote by ¥/ y*i for short, can
be thought of as an interface, with a number of possible positions from I it could expose and, according
to the position i € [ it is currently exposing, a number of possible directions from A; it could receive.
A morphism @: Y,y — Yo yAf’ in Poly can then be viewed as an inferaction protocol between
interfaces. On positions, ¢ converts any position i € I that the domain could expose to a position @i € I
for the codomain to expose then on directions, ¢ converts any direction a’ € A’ ; that the codomain could
receive to a direction (p,- " € A; for the domain to receive.

Then taking the parallel product of two such interaction protocols yields a single interaction protocol
that models the two original protocols simultaneously—or in pamllel More concretely, given interaction

protocols @: Y,c;y% — Yiery Ay and v Zjejy P =Y ery By , their parallel product ¢ ® y converts
a pair of positions (i, j) € I x J from its domain

(ZZ/A;)®<ZyB-f)% Z (y.y)AiXB_/g Z Z/A;><B_,~

icl jer (i,j)elxJ (i,))€lxJ

to the pair of positions (@i, yj) € I’ x J' from its codomain
() (5=, £

el j/EJI (i,,j,)GI/XJ/

by applying the on-positions functions of ¢ and y in parallel then converts a pair of directions (a’,b") €
Al; X By,; from its codomain to the pair of directions (‘P, a,y; iy ) from its domain by applying the on-
directions functions of ¢ and y in parallel. O

3.2 The composition product

Here we introduce another monoidal structure on XI1C induced by the monoidal product on C.

Definition 3.5. The composition product < of two objects in XIIC is given by

(T wa) < (L TTvis) = L TT L TT (iavi) 0

i€l acA; JEJ bEB; i€l acA; jeJ beB;

We call this the composition product as it generalizes the composition operation on polynomial func-

tors when C = 1: composing ¥ [Taea, ¥ With ¥ je; [Tsep, y yields the functor Yie; [Taea; Xjes [lbes; ¥-
Distributivity (Eq. (1)) yields the following alternate form for this product.

Lemma 3.6. The composition product can be rewritten as

(Z I1 “iaa) < (Z [] Vj,b) =Y Y II IT (wia-vies)-

i€l acA; JEJBEB; i€l j: Ai—J acA;beB

Proposition 3.7. There is a monoidal category (XI1C, e,<).
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Proof. Routine, but we will describe the behavior of < on morphisms: given

Q: ZH”i=a_> Z Hwk’c and y: Z ij’b—> Z ng’d,

i€l acA; keK ceCy JEJ bEB; leLdeDy

the morphism

oy Z Z H H (Uia Viap) = Z Z H H (Wie - Xtc.d)
i€l j: Ai—J acA;beBj, k€K £: Cy—L c€Crd€Dy,
(whose domain and codomain we have rewritten using Lemma 3.6) consists of the following data:

* an on-positions function @<y Yo JA — Y e L consisting of:

— afunction I — K given by @;

— foreach i € I, a function J4 — L given by precomposing (pﬁi : Cpi — A; and postcomposing

v:J—=L;

e foreachie€/land j: A; — J, sentto @i € K and ¥ j(p?: Cy; — L by the on-positions function, an

on-directions function (Q<Qy) ? it Leec, D — Y uea, Bja consisting of:

vigic
- afunction Cy; — A; given by (P,-t;

- . i ; g
for each ¢ € Cy;, a function Dll/j oic — Bj ofc given by Wj(pfc’
e foreachiel,j: A;—J,c€Cy;,andd € D

, sent to (pl.t: Cyi —A; and y/@w: :D .. —B
joke

wjglc jole
— Woic - Xyjd

vjofe
by the on-directions function, an on-predicates map (P <V); jca: Y,

gfc Vi
(here j/ = j(p,-uC) given by @i - Yy 4. -

4 Composition comonoids as enriched categories

Our main result concerns the category of comonoids in (XIIC,e,<). We will show that it is equivalent to
a category whose objects are enriched categories and whose morphisms are enriched cofunctors. While
the former may be more familiar than the latter, we review both these definitions here.
Recall the definition of a category enriched over a monoidal category from Kelly [Kel82]. We restate
it here for the special case where the enriching category is (XC°P e, ®).
Definition 4.1. A small (XC°P e, ®)-enriched category A, with ©® defined as in Proposition 3.1, consists
of the following data:
* aset Ob A (or just A) of objects;
* for each x,y € Ob A, a hom-family }' ;. ,_,, |f| € £CP consisting of:
- aset A (x,y) of morphisms, i.e. a hom-set, with f € A (x,y) denoted by f: x — y;
— for each morphism f: x — y, a weight |f| € C;
» for each x € Ob.A, a morphism e — ¥ ;. ., | f| in ZC°P consisting of:
— an identity morphism id, : x — x;
— an identity map 1), : |id,| — e from C;
* for each x,y,z € Ob. 4, a morphism

Y X Urllsh— X Il

frx—y g:y—=z h: x—z

in XC°P consisting of, for each f: x - yand g: y — z:
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— a composite morphism gf: x — z;
— acomposite map U, : [gf| = |f]-|g| from C.
Here w,x,y,z€ Ob A and f: w — x, g: x —y, and h: y — z must satisfy the following:
* unitality, that fid,, = f =id, f and the following diagram commutes in C (up to unitors):

. Hidyy, f Hyid .
lidw |- | f] +— [f] —=— |f]-]id]

* associativity, that (hg)f = h(gf) and the following commutes in C (up to associators):

Wy,
|hgf| —— |f]- |hg]
“gfvhl llf | g

l»lfg ||
lgf|-|hl —— |f]-Ig]-|Al

O

By Proposition 3.1, the monoidal category (EC°P e, ®) is distributive, so there exists a notion of a
(XCOP e, ®)-enriched cofunctor as introduced by Clarke and Di Meglio [CM22]. We restate the defini-

tion of an enriched cofunctor in this special case here.

Definition 4.2. A (XC°P e, ®)-enriched cofunctor ®: A —+ B between small (EC°P e, ®)-enriched
categories A and B consists of the following data:
¢ a function ®: Ob. A — Ob®B;
* for each a € A,b € B, and morphism f: $a — b from B:
— a morphism @ﬁf: a — x from A with &x = b;
— amorphism @, ;: |®%f| — |f| from C.
Here a,x € A; b,b' € B; f: ®a — b with @lﬁlf: a— x; and g: b — b’ must satisfy:
 preservation of identities, that CDE;(idqm) =1id, and the following commutes in C:

a Idd)a
ldq;.a

\ I

« preservation of composites, that @ (g f) = ®%(g)P%(f) and the following commutes in C:

lid,| ———

H_g @
i (g /)| —E @k f] - | Plg]

My,
8f] ————— If1"l¢l
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There is then a category whose objects are small (£C°P, e, ®)-enriched categories and whose mor-
phisms are (EC°P, e, ®)-enriched cofunctors. While enriched cofunctors differ from enriched functors, it
is nevertheless the case that an isomorphism in this category corresponds to our usual notion of isomor-
phism of enriched categories as defined by a pair of invertible enriched functors.

The following is a generalization of a result by Ahman and Uustalu [AU16; AU17]: that the category
of polynomial comonads is equivalent to the category of small categories and cofunctors, corresponding
to the case where C = 1 (the Set-enriched case, for X1°P ~ Set) in the theorem below.

Theorem 4.3. The category of comonoids in the monoidal category (XIIC,e,<) is equivalent to the
category of small (XC°P e, ®)-enriched categories and enriched cofunctors.

Proof. First, we describe how to construct a comonoid in (XI1C,e,<) from each (XC°P, e, ®)-enriched
category; the inverse construction will then be evident. Given a small (£C°P, e, ®)-enriched category A,
define a polynomial in C with positions Ob.4, directions A; := Y ;c 7 A (i, j) for i € A, and predicate
|a| € Cforie A and (j,a: i — j) € A;. In other words: positions are objects, directions are morphisms of
a given domain, and predicates are the morphisms’ weights. We endow this polynomial ¥ ;c 7 [1.. i, |a|
(where a: i — _ denotes a morphism a in /A with domain i and arbitrary codomain) with a comonoid

e Y JJ lal—e

ieA a:i—_

structure as follows. Its counit

is trivial on positions, the assignment i — id; on directions, and the identity map 1;: |id;| — e on predi-
cates. Meanwhile its comultiplication

5: Y H|a\—>(2 H\b|><1(2 I1 |c|)%2 Y II II Il

iEA a:i—_ €A b:i—_ JEA ¢ j—- iceA j: Ai—ObA b:i—_ c: jb—_

is the assignment i — (i,cod) on positions, where cod: A; — Ob A sends each morphism a: i — j to
its codomain j; morphism composition on directions, sending b: i — _and c¢: cod(b) — _toch: i —
and the composite map Uy .: [cb| — |b| - |c| on predicates. The counitality and coassociativity of the
comonoid follow from the unitality and associativity of the enriched category, as well as the equations
cod(id;) = i and cod(ch) = cod(c). Moreover, from any comonoid we can recover its corresponding
enriched category up to isomorphism.

Next, we describe how to construct a morphism of comonoids in (XI1C, e, <) from each (XC°P e, ®)-
enriched cofunctor; again the inverse construction will then be evident. Given a (XC°P e, ®)-enriched
cofunctor @: A - B between small (XCP, e, ®)-enriched categories A and B, we construct a structure-

o: Y [ lal—= ) IT ol

ieAa: i—- JEBD: j—_

preserving morphism

in XI1C between the comonoids corresponding to A and B like so. On positions, set @i := i € B for
i € A; on directions, set (piﬁb = (CID?b: i—_)in A forie€ A and b: ®i — _in B; and on predicates, set
@ip = (Pip: ](I)?b[ — |b]) in C fori € A and b: ®i — _in B. That @ preserves counits and comultipli-
cations follows from the fact that ® preserves identities and composites and that CI)(cod(QD?a)) =cod(a).
Moreover, from any comonoid morphism we can recover its corresponding enriched cofunctor. O
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S Application: compositional bounds on dynamical systems

Here we give an example of how the structure of XI1IC may be used to model open dynamical systems and
their invariants. This case study is by no means comprehensive; we seek only to hint at the possibilities
of how XI1C may be used.

Throughout, we let (C,e,-) := ([0,o0]<,0,+), the poset of nonnegative extended reals ordered by <
viewed as a category and endowed with the additive monoidal structure. We take the free coproduct
completion of its opposite category and endow it with a monoidal structure ¢ given by Day convolution.
Then a ([0, |-, 0,®)-enriched category is an additively weighted category [Gra06].

Definition 5.1. An additively weighted category (or weighted category) X is a small (£[0,0]>,0,®)-
enriched category. It thus consists of the following data:
* aset Ob X of objects or points;
* for each x,y € Ob.X, an object .. ., |p| € Z[0,0]> consisting of:
— aset X'(x,y) of morphisms or paths, with p € X (x,y) denoted by p: x — y;
— for each path p: x — y, a weight or cost |p| € [0, o0];
» for each x € Ob.X, a morphism 0 — ¥ ¢. ., | f| in £[0,0]> consisting of:
— aconstant path id,: x — x,
— satisfying nonpositivity: |id,| <0, and thus |id,| = 0;
* for each x,y,z € Ob X, a morphism

Y X (fl+lsh— X Il
frx—oygy—z h: x—z
in X[0,0|> consisting of, for each f: x - yand g: y — z:
— acomposite path gf: x — z,
— satisfying the triangle inequality: |gf| < |f|+ |g|. O
A weighted category X with | X (x,y)| = 1 for all x,y € Ob X is a Lawvere metric space [Law73].
By Theorem 4.3, a weighted category X, defined above as an enriched category, is equivalently a
comonoid in (XI1[0,|<,0,<). Then we can define a discrete dynamical system on X in terms of the
category LIT[0,e0]< as follows.

Definition 5.2. A discrete dynamical system on a weighted category X, viewed as a comonoid object
X € ZIT[0, 00| <, is @ morphism ¢@: X — oo in EIT[0, 0| <. It thus consists of the following data:

* atrivial on-positions function ¢: Ob X — 1;

» for each point x € Ob X, an on-directions function (p)g : 1= Y ex X (x,y) that picks out a path (p)g

from x to some other point,

* satisfying the trivial inequality |(p£| < oo, O

In other words, a discrete dynamical system on X assigns to each point x in X a path (p)g DX — xp out
of that point. The intuition is that starting from x, the system moves to a new point x; along the path (p)tci
in one time step. We can “run” the system by taking the n-fold composition product ¢<" for n € N and
composing with the canonical n-ary comultiplication §"~! of X provided by its comonoid structure:*

n—1 <an
I5 an‘p_>oo<mgoo_|_...+oo%oo. )

“We inductively define 5! := § and 8" := (id ye(u1) <8) 0 8" 1.
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This is a new discrete dynamical system that assigns to each point x in X the n-fold composite of paths

4 # i i
v Px Px Px,
x(p—'>x1—l>xz—2>~-—l>xn 3)
from X, mapping out the evolution of the dynamical system after n time steps. Similarly, given another
discrete dynamical system y: X — oo, we can compose it with the first to obtain a third system that runs
one before the other:

) <q
X5 xax 2 c0qe0 oo,

Furthermore, we could repackage the data of a discrete dynamical system as an enriched cofunctor by
the following proposition, where X is a weighted category viewed as a comonoid object X € EIT[0, 00| <.

Proposition 5.3. There is a natural correspondence between discrete dynamical systems @ : X — oo
and enriched cofunctors ®: X — [],en e, whose codomain is the one-object (£[0,00]>,0,)-enriched
category with hom-set N, addition as composition, and all weights infinite.

Proof. Given ¢, construct ® by setting @i(n) to the composite path defined in (3) for x € Ob. X and
n € N (with @E(O) = id,); the cofunctor laws follow immediately. Conversely, given ®, construct ¢ by
setting (pti = CIDE(I). These constructions are natural and mutually inverse. U

Thus discrete dynamical systems on X are precisely enriched cofunctors X — [],cno. We could
generalize how these systems run by replacing N with some other monoid, or indeed by replacing the
entire codomain by a different weighted category, which could in turn be acted on via an enriched co-
functor to another weighted category, and so forth—suggesting the versatility of comonoids in XI1C for
modeling general interactions.

So far, the examples we have described could have been done in £I11 ~ Poly (indeed, the material so
far is adapted from [Spi20; NS23]); we have yet to make use of the enriched structure. Now we will put
finite weights in the codomains of our systems to bound their behavior.

Definition 5.4. A discrete dynamical system ¢: X — oo is bounded (above) by r € [0,0| if ¢ factors
through the morphism r — oo in [0,0¢]< C EIT[0, 00| Equivalently, for each point x € Ob.X, the path ¢f
has cost at most r. O

Boundedness is well-behaved under composition: if ¢: I — oo factors through r as @ : X — r, then
the n-fold composition product ¢<": X" — oo?"
Hence the n-fold composite dynamical system @< o §"~! from (2) must factor through nr as well, so

o~

oo factors through r" = nr as @™": X" — ",

it is a discrete dynamical system bounded by nr. This coincides with our intuition: if the cost of every
time step of a dynamical system is bounded above by r, then the cost of n successive time steps must be
bounded above by nr. We thus have the following result, generalizing Proposition 5.3.

Proposition 5.5. There is a natural correspondence between discrete dynamical systems @ : X — oo
bounded above by r € [0,| and enriched cofunctors ®: X — [],ennr, whose codomain is the one-
object (£]0,00]>,0, ®)-enriched category with hom-set N, addition as composition, and weights |n| = nr.

Proof. The construction mirrors the one in the proof of Proposition 5.3; we need only verify that the
additional restrictions on costs are satisfied. Given ¢ bounded by r, the n-fold composite path from (3)
has cost at most nr, ensuring |%(n)| < nr. Conversely, given ®, we have |@f| = |®i(1)] < r. O
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The preceding material is only a small sample of how XIT[0,e]> and, by extension, XIIC may be used
to model compositional behavioral patterns of dynamical systems. We could generalize the codomain of
our discrete dynamical systems beyond one-position, one-direction polynomials in C; we could general-
ize C beyond mere posets; and so forth. Indeed, Propositions 5.3 and 5.5 are special cases of a far more
general result.

Theorem 5.6. The forgetful functor from comonoids in (LI1C,e,<) to their underlying polynomials has

a right adjoint, vielding cofree (XC°P e, ®)-enriched categories on polynomials in C.
8 7 Yy g , €, g poly

Sketch of proof. The construction follows the analogous result for cofree polynomial comonads as de-
tailed in [NS23]. There the cofree category on a given polynomial has tuples of the polynomial’s di-
rections as morphisms; we then assign each tuple a weight in C equal to the monoidal product of the
predicates of the directions in the tuple. O

6 Future directions

We close with future directions for research in addition to the potential applications already suggested.

Foundations of polynomial categories

Spivak surveys categorical properties and structures on Poly ~ XI11 in [Spi23]; in addition to those we
have already covered, it would be instructive to examine which of these properties and structures carry
over to XIIC, perhaps requiring various conditions on C. Similarly, we could investigate how known
structures on Dial(Set) ~ Hmg(2) carry over to Hmg(C).

Interaction between monoidal structures on polynomials

Spivak observed that < is duoidal over ® in the case of C := 1, i.e. there is a natural transformation (— <
—)®(—<—) = (— ®—)<(—® —) satisfying various coherence conditions [Spi20]. Shapiro and Spivak
go on to leverage this duoidality to model compositional dependence [SS22b]. We hope to generalize
their results to the parallel and compositional products on XI1C.

Other monoidal structures on polynomials

Given a monoidal category (C, e, -), there are at least two other monoidal structures on XITIC with unit e:

(XM wa)(XTTvie) =X X TT TT (iajvis)

i€l acA; Jj€J beB; i€l jeJ a: J=A; b: 1B

one given by

and another given by

(Z I1 ”) " (Z I1 W) =2 T1 I Gwasvie)

i€l acA; JEJ bEB; i€l jeJ a: J—A; beB;

We would like to know if there are interpretations or applications for these monoidal products as there
are for the parallel and composition products.
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