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We characterize a number of well known systems of approximate inference as loss models: lax
sections of 2-fibrations of statistical games, constructed by attaching internally-defined loss functions
to Bayesian lenses. Our examples include the relative entropy, which constitutes a strict section,
and whose chain rule is formalized by the horizontal composition of the 2-fibration. In order to
capture this compositional structure, we first introduce the notion of ‘copy-composition’, alongside
corresponding bicategories through which the composition of copy-discard categories factorizes.
These bicategories are a variant of the Copara construction, and so we additionally introduce
coparameterized Bayesian lenses, proving that coparameterized Bayesian updates compose optically,
as in the non-coparameterized case.

1 Introduction

In previous work [1], we introduced Bayesian lenses, observing that the Bayesian inversion of a composite
stochastic channel is (almost surely) equal to the ‘lens composite’ of the inversions of the factors; that
is, Bayesian updates compose optically (‘BUCO”) [2]]. Formalizing this statement for a given category
€ all of whose morphisms (‘channels’) admit Bayesian inversion, we can observe that there is (almost
surely) a functor (—)' : ¥ — BayesLens(%’) from % to the category BayesLens(%’) whose morphisms
(X,A) - (Y,B) are Bayesian lenses: pairs (c,c’) of a channel XY with a ‘state-dependent’ inverse
' :€(1,X)— %€ (B,A). Bayesian lenses constitute the morphisms of a fibration 7 ¢,s : BayesLens(¢’) —
% , since BayesLens(%') is obtained as the Grothendieck construction of (the pointwise opposite of) an
indexed category Stat : 4P — Cat of ‘state-dependent channels’ (recalled in Appendix [A]), and the
functor (—)T is in fact a section of 7 ns, taking ¢ : XY to the lens (c,c’) : (X,X) + (¥,Y), where ¢!
is the almost-surely unique Bayesian inversion of ¢ (so that the projection 7 .5 can simply forget the
inversion, returning again the channel c).

The functor (—)' picks out a special class of Bayesian lenses, which we may call exact (as they
compute ‘exact’ inversions), but although the category BayesLens(%) has many other morphisms, the
construction is not extravagant: by comparison, we can think of the non-exact lenses as representing
approximate inference systems. This is particularly necessary in computational applications, because
computing exact inversions is usually intractable, but this creates a new problem: choosing an
approximation, and measuring its performance. In this paper, we formalize this process, by attaching loss
functions to Bayesian lenses, thus creating another fibration, of statistical games. Sections of this latter
fibration encode compositionally well-behaved systems of approximation that we call loss models.

A classic example of a loss model will be supplied by the relative entropy, which in some sense
measures the ‘divergence’ between distributions: the game here is then to minimize the divergence
between the approximate and exact inversions. If 7 and 7’ are two distributions on a space X, with
corresponding density functions p; and p, (both with respect to a common measure), then their relative
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2 Statistical Games

entropy D(7, ) is the real number given by E,_r [log pz(x) —log py (x)] Given a pair of channels
a, o’ : A+ B (again commensurately associated with densities), we can extend D to amap Dy o : A — R
in the natural way, writing a — D(a(a), &' (a)). We can assign such a map Dy, o to any such parallel pair
of channels, and so, following the logic of composition in %, we might hope for the following equation to
hold for all a : A and composable parallel pairs a, o’ : A-<>B and 3, : B=>C,:

Dpeapoc(a) = B [Dp.pr(b)] + Doc.ov (a)

The right-hand side is known as the chain rule for relative entropy, but, unfortunately, the equation
does not hold in general, because the composites 3 e o and ' e o’ involve an extra expectation (by the
‘Chapman-Kolmogorov’ rule for channel composition). However, we can satisfy an equation of this form
by using ‘copy-composition’: if we write ¥ g to denote the canonical ‘copying’ comultiplication on B, and
define B o> & := (idg®pB) ¥y e «t, then Dga2g pre2q (@) does equal the chain-rule form on the right-hand
side. This result exhibits a general pattern about “copy-discard categories” [J3]] such as 4": composition
can be decomposed into first copying ¥, and then discarding T. If we don’t discard, then we retain the
‘intermediate’ variables, and this results in a functorial assignment of relative entropies to channels.

The rest of this paper is dedicated to making use of this observation to construct loss models,
including (but not restricted to) the relative entropy. The first complication that we encounter is that
copy-composition is not strictly unital, because composing with an identity retains an extra variable.
To deal with this, in we construct a bicategory of copy-composite channels, extending the Copara
construction [4, §2], and build coparameterized (copy-composite) Bayesian lenses accordingly; we also
prove a corresponding BUCO result. In §3 we then construct 2-fibrations of statistical games, defining
loss functions internally to any copy-discard category % that admits “bilinear effects”. Because we are
dealing with approximate systems, the 2-dimensional structure of the construction is useful: loss models
are allowed to be lax sections. We then characterize the relative entropy, maximum likelihood estimation,
the free energy, and the ‘Laplacian’ free energy as such loss models.

Assuming % is symmetric monoidal, the constructions here result in monoidal (2-)fibrations, but due
to space constraints we defer the presentation of this structure (and its exemplification by the foregoing
loss models) to Appendix [B] For the same reason, we defer comprehensive proofs to Appendix [Cl

Remark 1.1. Much of this work is situated amongst monoidal fibrations of bicategories, the full theory of
which is not known to the present author. Fortunately, enough structure is known for the present work
to have been possible, and where things become murkier—such as in the context of monoidal indexed
bicategories and their lax homomorphisms—the way largely seems clear. For this, we are grateful to
Bakovic [5], Johnson and Yau [6], and Moeller and Vasilakopoulou [7] in particular for lighting the way;
and we enthusiastically encourage the further elucidation of these structures by category theorists.

2 ‘Copy-composite’ Bayesian lenses

2.1 Copy-composition by coparameterization

In a locally small copy-discard category ¢, every object A is equipped with a canonical comonoid
structure ('%,,T4), and so, by the comonoid laws, it is almost a triviality that the composition function

TFor details about this ‘expectation’ notation E, seem
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¢ : % (B,C) x€(A,B) — € (A,C) factorizes as

%(B,C) x €(A,B) (id3®—)x<g(;dmy3>

¢(BQB,BRQC) x €(A,BRB) -
o S F(A,BRC) ¢ idaprojc) %€(A,C)

where the first factor copies the B output of the first morphism and tensors the second morphism with the
identity on B, the second factor composes the latter tensor with the copies, and the third discards the extra
copy of Bl This is, however, only almost trivial, since it witnesses the structure of ‘Chapman-Kolmogorov’
style composition in categories of stochastic channels such as .#¢(2), the Kleisli category of the (finitary)
distributions monad Z : Set — Set. There, given channels ¢ : A~>B and d : B-C, the composite d e ¢ is
formed first by constructing the ‘joint’ channel d o2 ¢ defined by (d > ¢)(b,c|a) := d(c|b)c(b|a), and then
discarding (marginalizing over) b : B, giving

(dec)(cla) = S (d o2 e)(b,cla) = Y d(clb)e(bla).
b:B

b:B

Of course, the channel d o2 ¢ is not a morphism A-->C, but rather A~>B®C; that is, it is coparameterized by
B. Moreover, as noted above, 2 is not strictly unital: we need a 2-cell that discards the coparameter, and
hence a bicategory, in order to recover (weak) unitality. We therefore construct a bicategory Copara, (%)
as a variant of the Copara construction [4} §2], in which a 1-cell A — B may be any morphism A-M ® B
in ¢, and where horizontal composition is precisely copy-composition.

Theorem 2.1. Let (4',®,I) be a copy-discard category. Then there is a bicategory Copara,(%) as
follows. Its O-cells are the objects of €. A 1-cell f: A yre Bis amorphism f:A > M@Bin €. A 2-cell
Q:f= f, with f: A - Band f': A — B, is a morphism @ : AQM ®B — M’ of ¢, satisfying the

change of coparameter axiom:

The identity 2-cell ids: f = fon f: A e B is given by the projection morphism proj,; : AQM®B — M
obtained by discarding A and B, as in footnote 2| The identity 1-cell id4 on A is given by the inverse of
the left unitor of the monoidal structure on €, i.e. idg := A, Y\ e A, with coparameter thus given by
the unit object /.

Given 2-cells @ : f = f" and ¢’ : f' = f”, their vertical composite ¢’ © ¢ : f = f” is given by the
string diagram on the left below. Given 1-cells f: A e Bthen g:B e C, the horizontal composite
gof:A (——)—> C is given by the middle string diagram below. Given 2-cells ¢ : f = f"and y: g= ¢’

M®B)®N
between 1-cells f, f': A e Band g,g' : B v C, their horizontal composite Yo @ : (go f) = (g’ o f') is

T s®idc Ac
—=

2 We define projc :=B®QC I®C — C, using the comonoid counit and the left unitor of ¢”’s monoidal structure.
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defined by the string diagram on the right below.

A PR
!
M (PM
(p/ B B
!
N 7/N
9

Remark 2.2. When % is symmetric monoidal, Copara, (%) inherits a monoidal structure, elaborated in
Proposition [B.1]

Remark 2.3. In order to capture the bidirectionality of Bayesian inversion we will need to conside
left- and right-handed versions of the Copara, construction. These are formally dual, and when % is
symmetric monoidal (as in most examples) they are isomorphic. Nonetheless, it makes formalization
easier if we explicitly distinguish Coparalz (¥), in which the coparameter is placed on the left of the
codomain (as above), from Copara’ (%), in which it is placed on the right. Aside from the swapping of
this handedness, the rest of the construction is the same.

We end this section with three easy (and ambidextrous) propositions relating 4 and Copara,(%).

Proposition 2.4. There is an identity-on-objects lax embedding 1 : ¢’ — Copara, (%), mapping f: X —Y
to f:X e Y (using the unitor of the monoidal structure on ¢’). The laxator 1(g) ot(f) — t1(go f) discards

the coparameter obtained from copy-composition.

Proposition 2.5. There is a ‘discarding’ functor (—)7 : Copara, (%) — %, which takes any coparameter-
ized morphism and discards the coparameter.

Proposition 2.6. 1 is a section of (—)7. That is, idgy = € <> Copara, (%) e,

2.2 Coparameterized Bayesian lenses

In order to define (bi)categories of statistical games, coherently with loss functions like the relative
entropy that compose by copy-composition, we first need to define coparameterized (copy-composite)
Bayesian lenses. Analogously to non-coparameterized Bayesian lenses, these will be obtained by applying
a Grothendieck construction to an indexed bicategory [5, Def. 3.5] of state-dependent channels.

Definition 2.7. We define the indexed bicategory Stat, : Copara) (%) — Bicat fibrewise as follows.
(i) The O-cells Staty(X )¢ of each fibre Stat,(X) are the objects € of .

(ii) For each pair of O-cells A, B, the hom-category Stat,(X)(A, B) is defined to be the functor category
Cat(disc€'(1,X), Copara(€)(A,B)), where disc denotes the functor taking a set to the associated
discrete category.

(iii) For each 0-cell A, the identity functor ids : 1 — Staty(X)(A,A) is the constant functor on the identity
on A in Copara)(%); i.e. disc€(I,X) Ll Copara (%) (A,A).
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(iv) For each triple A, B, C of 0-cells, the horizontal composition functor o g c is defined by

oapc : Stata(X)(B,C) x Statp(X)(A,B) -
- = Cat(disc¢(1,X), Copara}(¢)(B,C)) x Cat(disc¢(I,X), Coparay(¢)(A,B)) ---
-5 Cat(disc‘é(l,X)z,Coparag(%)(B,C) x Coparaj(%)(A,B)) -
. Cat(\?/p)

Cat(disc¢'(1,X), Copara}(¢)(A,C)) -
- — Staty(X)(A,C)

where Cat (%, 0) indicates pre-composition with the universal (Cartesian) copying functor in
(Cat, x,1) and post-composition with the horizontal composition functor of Coparaj(%).

For each pair of O-cells X,Y in Coparal(%), we define the reindexing pseudofunctor Stat; xy :
Copara’ (¢)(X,Y)° — Bicat(Stat,(Y), Stat(X)) as follows.

(a) For each 1-cell f in Copara!(€)(X,Y), we obtain a pseudofunctor Stat,( f) : Stat,(Y) — Stat,(X)
which acts as the identity on O-cells.

(b) For each pair of 0-cells A,B in Stat,(Y), the functor Staty(f)ap is defined as the precom-
position functor Cat(disc%'(I,f7), Coparas(¢)(A,B)), where (=) is the discarding functor
Copara)(¢) — € of Proposition

(c) For each 2-cell ¢ : f = f’ in Copara)(%)(X,Y), the pseudonatural transformation Stat,(¢) :
Stat,(f') = Stat,(f) is defined on O-cells A : Stat,(Y) by the discrete natural transformation with
components Staty ()4 := ids, and on 1-cells ¢ : Stat,(Y)(A, B) by the substitution natural transfor-
mation with constitutent 2-cells Stat, (@), : Stata(f)(c) = Stata(f’)(c) in Statp(X) which acts by
replacing Cat(disc€ (1, f7), Copara(%¢)(A,B)) by Cat(disc€ (1, f'), Coparaj(%')(A,B)); and
which we might alternatively denote by Cat(disc%'(1,¢"), Coparaj(%)(A,B)).

Notation 2.8. We will write f : A—E»B to denote a state-dependent coparameterized channel f with
coparameter M and state-dependence on X.

In 1-category theory, lenses are morphisms in the fibrewise opposite of a fibration [8]]. Analogously,
our bicategorical Bayesian lenses are obtained as 1-cells in the bicategorical Grothendieck construction
[S, §6] of (the pointwise opposite of) the indexed bicategory Stat,.

Definition 2.9. Fix a copy-discard category (¢,®,I). We define the bicategory of coparameterized
Bayesian lenses in %, denoted BayesLens,(%) or simply BayesLens,, to be the bicategorical
Grothendieck construction of the pointwise opposite of the corresponding indexed bicategory Staty,
with the following data:

(i) A O-cell in BayesLens, is a pair (X,A) of an object X in Copara) (%) and an object A in Stat,(X);
equivalently, a O-cell in BayesLens, is a pair of objects in %

(ii) The hom-category BayesLens,((X,A),(Y,B)) is the product category Copara)(%)(X,Y) x
Staty(X)(B,A).

(iii) The identity on (X,A) is given by the pair (idy,id).
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(iv) For each triple of 0-cells (X,A), (Y,B),(Z,C), the horizontal composition functor is given by

BayesLens, ((Y,B),(Z,C)) x BayesLens, ((X,A), (Y,B))
Copara)(%)(Y,Z) x Staty(Y)(C,B) x Coparah(%)(X,Y) x Staty(X)(B,A)

= > > Stat,(Y)(C,B) x Staty(X)(B,A)
g:Coparal, (%) (Y,Z) f:Copara) (%) (X,Y)
S id
2o 2y St D ST Stan(X)(C,B) x Stats (X)(B,A)
g:Coparal, (%) (Y,Z) f:Copara) (%) (X,Y)
Z oparal, (¢ OStatZ(X)
Corr ) D Stat,(X)(C,A)

gof:Copara (%)(X,Z)
= BayesLens,((X,A),(Z,C))

where the functor in the penultimate line amounts to the product of the horizontal composition
functors on Copara) (%) and Stat,(X).

Remark 2.10. When % is symmetric monoidal, Stat, acquires the structure of a monoidal indexed
bicategory (Definition and Theorem [B.3)), and hence BayesLens, becomes a monoidal bicategory

(Corollary B.4).

2.3 Coparameterized Bayesian updates compose optically

So that our generalized Bayesian lenses are worthy of the name, we should also confirm that Bayesian
inversions compose according to the lens pattern (‘optically’) also in the coparameterized setting. Such
confirmation is the subject of the present section, and so we first introduce a new “coparameterized Bayes’
rule”.

Definition 2.11. We say that a coparameterized channel y: A-M ® B admits Bayesian inversion if there
exists a dually coparameterized channel p; : B~A ® M satisfying the graphical equation (with string
diagrams read from bottom to top)

In this case, we say that p is the Bayesian inversion of 'y with respect to T.

With this definition, we can supply the desired result that “coparameterized Bayesian updates compose
optically”.
Theorem 2.12. Suppose (,7') : (A,A)—+(B,B) and (8,68") : (B,B)+(C,C) are coparameterized
Bayesian lenses in BayesLens,. Suppose afso that 77 : I+A is a state on A in the underlying category of
channels %, such that }/; is a Bayesian inversion of y with respect to 7, and such that 5;” is a Bayesian
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inversion of 6 with respect to (ym)™; where the notation (—)™ represents discarding coparameters. Then
}/,1 ° 5% is a Bayesian inversion of 0 e ¥ with respect to 7. (Here e denotes copy-composition.) Moreover,
if (Oe y)}; is any Bayesian inversion of & e ¥ with respect to 7, then 7;- ;fn is (8ym)T-almost-surely equal

(6ym)

to (e 7)k: thatis, (§e7)k ©2 4 e 81,

In order to satisfy this coparameterized Bayes’ rule, a Bayesian lens must be of ‘simple’ type.

Definition 2.13. We say that a coparameterized Bayesian lens (c,c’) is simple if its domain and codomain
are ‘diagonal’ (duplicate pairs of objects) and if the coparameter of c¢ is equal to the coparameter of ¢’. In
this case, we can write the type of (c,c’) as (X,X)—A;»(Y,Y) or simply X—A}—»Y.

3 Statistical games for local approximate inference

3.1 Losses for lenses

Statistical games are obtained by attaching to Bayesian lenses loss functions, representing ‘local’
quantifications of the performance of approximate inference systems. Because this performance depends
on the system’s context (i.e., the prior & : I[-+>X and the observed data b : B), a loss function at its most
concrete will be a function % (1,X) x B— R. To internalize this type in %, we may recall that, when &
is the category sfKrn of s-finite kernels or the Kleisli category J#¢(%<«) of the subdistribution monad, a
density function p. : X x Y — [0, 1] for a channel ¢ : XY corresponds to an effect (or costate) X QY 1.
In this way, we can see a loss function as a kind of state-dependent effect B3I,

Loss functions will compose by sum, and so we need to ask for the effects in € to form a monoid.

Moreover, we need this monoid to be ‘bilinear’ with respect to channels, so that Stat-reindexing (cf.
Definition[A.T) preserves sums. These conditions are formalized in the following definition.

Definition 3.1. Suppose (¢',®,I) is a copy-discard category. We say that € has bilinear effects if the
following conditions are satisfied:

(i) effect monoid: there is a natural transformation + : ¢ (—,I) x € (=,I) = ¢ (— ® =,I) making
> 4.0 € (A1) into a commutative monoid with unit 0 : /-=>1;

(ii) bilinearity: (g+g')e ¥ e f=gef+g ef forall effects g, g’ and morphisms f such that (g+g’) e
¥ e f exists.

A trivial example of a category with bilinear effects is supplied by any Cartesian category, such as
Set. If M is any monoid in Set, then a less trivial example is supplied by the Kleisli category of the
corresponding free module monad; bilinearity follows from the module structure. A related non-example
is #U(P<,): the failure here is that the effects only form a partial monoicﬂ More generally, the category
sfKrn of s-finite kernels [[10] has bilinear effects (owing to the linearity of integration), and we will
assume this as our ambient & for the examples below.

Given such a category % with bilinear effects, we can lift the natural transformation -+, and hence the

3Indeed, an effect algebra is a kind of partial monoid [9, §2], but we do not need the extra complication here.
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bilinear effect structure, to the fibres of Staty, using the universal property of the product of categories:

+x : Stat(X)(—,I) x Stat(X)(=,1) = Set(€¢(1,X), ¢ (—.1)) x Set(¢(1,X),€(=,1))
SN Set(¢'(1,X), € (—,1) x € (=,1))

Set(4(1.X).+)

= Stat(X)(—®=,1)

Here, (-,-) denotes the pairing operation obtained from the universal property. In this way, each Stat(X)
has bilinear effects. Note that this lifting is (strictly) compatible with the reindexing of Stat, so that +_)
defines an indexed natural transformation. This means in particular that reindexing distributes over sums:
given state-dependent effects g, g’ : B>I and a channel ¢ : XY , we have (g+v 8')c = gc +x gi.. We will
thus generally omit the subscript from the lifted sum operation, and just write +.

We are now ready to construct the bicategory of statistical games.

Definition 3.2. Suppose (4,®,1) has bilinear effects, and let BayesLens, denote the corresponding
bicategory of (copy-composite) Bayesian lenses. We will write SGamey to denote the following
bicategory of (copy-composite) statistical games in 6:

* The O-cells are the O-cells (X,A) of BayesLens,;

* the 1-cells, called statistical games, (X,A) — (Y,B) are pairs (c,L) of a 1-cell ¢ : (X,A) - (Y,B)

in BayesLens, and a loss L : B%Iin Stat(X)(B,I);

e given l-cells (¢,L9), (c’,LCI) : (X,A) — (Y,B), the 2-cells (¢,L°) = (c/,LC/) are pairs (o, K%) of a

2-cell o : ¢ = ¢’ in BayesLens, and a loss K* : B5I such that L€ = L€ + K a.

* the identity 2-cell on (c,L°) is (id.,0);

e given 2-cells (ot,K%) : (¢,L) = (¢/,L¢) and (a/,K%) : (¢/,L) = (¢",L"), their vertical

composite is (o’ o o, K* + K®), where o here denotes vertical composition in BayesLens,;

* given 1-cells (¢,L°) : (X,A) — (Y,B) and (d,L?) : (Y,B) — (Z,C), their horizontal composite is

(cod,L¢ +L°od,.); and
— given 2-cells (0, K%) : (¢,L¢) = (¢/,L¢) and (B,KP) : (d,L¢) = (d',L"), their horizontal
composite is (f o o ,Kcﬁ + K%od,), where o here denotes horizontal composition in
BayesLens,.
Theorem 3.3. Definition [3.2] generates a well-defined bicategory.

The proof of this result (given in is that SGamey is obtained via a pair of bicategorical

Grothendieck constructions [S[]: first to obtain Bayesian lenses; and then to attach the loss functions. The
proof depends on the intermediate result that our effect monoids can be ‘upgraded’ to monoidal categories;
we then use the delooping of this structure to associate (state-dependent) losses to (state-dependent)
channels, after discarding the coparameters of the latter.
Lemma 3.4. Suppose (%’,®,) has bilinear effects. Then, for each object B, € (B, ) has the structure of a
symmetric monoidal category. The objects of € (B, 1) are its elements, the effects. If g, g’ are two effects,
then a morphism k : g — g’ is an effect such that g = g’ + k; the identity morphism for each effect id, is
then the constant 0 effect. Likewise, the tensor of two effects is their sum, and the corresponding unit
is the constant 0. Precomposition by any morphism c : A->B preserves the monoidal category structure,
making the presheaf € (—,I) into a fibrewise-monoidal indexed category ¢ °° — MonCat.
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As already indicated, this structure lifts to the fibres of Stat.
Corollary 3.5. For each object X in a category with bilinear effects, and for each object B,
Stat(X)(B,I) inherits the symmetric monoidal structure of %'(B,I); note that morphisms of state-
dependent effects are likewise state-dependent, and that tensoring (summing) state-dependent effects
involves copying the parameterizing state. Moreover, Stat(—)(=,1) is a fibrewise-monoidal indexed
category Y y..oop Stat(X)°" — MonCat.

3.2 Local inference models

In the context of approximate inference, one often does not have a single statistical model to evaluate, but
a whole family of them. In particularly nice situations, this family is actually a subcategory Z of ¢, with
the family of statistical models being all those that can be composed in Z. The problem of approximate
inference can then be formalized as follows. Since both BayesLens, and SGamey, were obtained by
bicategorical Grothendieck constructions, we have a pair of 2-fibrations SGamey Jloss, BayesLens, Jens,
Copara)(%). Each of 7 oss, MLens» and the discarding functor (—)7 can be restricted to the subcategory 2.
The inclusion & < Coparab(2) is a section of this restriction of (—); the assignment of inversions to
channels in & then corresponds to a 2-section of the 2-fibration 7 ¢,s (restricted to &); and the subsequent
assignment of losses is a further 2-section of 7| oss. This situation is depicted in the following diagram of
bicategories:

SGamey —  SGamey

( lnLoss | 9 \L”Loss

BayesLens,|, —— BayesLens,

( lﬂ-Lens | 9 lﬂLens

Copara)(2) — Copara) (%)
K l%\@ l%
D < '

This motivates the following definitions of inference system and loss model, although, for the sake of our
examples, we will explicitly allow the loss-assignment to be lax. Before giving these new definitions, we
recall the notion of essential image of a functor.

Definition 3.6 ([11]]). Suppose F : € — Z is an n-functor (a possibly weak homomorphism of weak
n-categories). The image of F is the smallest sub-n-category of & that contains F () for all k-cells « in
% , along with any (k + 1)-cells relating images of composites and composites of images, for all 0 < k < n.
We say that a sub-n-category ¥ is replete if, for any k-cells o in & and B in € (with 0 < k < n) such that
fira= Bisa(k+ 1)-isomorphism in %, then f is also a (k+ 1)-isomorphism in 2. The essential image
of F, denoted im(F), is then the smallest replete sub-n-category of & containing the image of F'.
Definition 3.7. Suppose (¢,®,1) is a copy-delete category. An inference system in € is a pair (2,/)
of a subcategory & — ¢ along with a section £ : im(1) — BayesLens, | of T ens|#, where im(1) is the
essential image of the canonical lax inclusion t : & < Coparal(2).

Definition 3.8. Suppose (¢,®,1) has bilinear effects and & is a subbicategory of BayesLens,. A loss
model for 2 is a lax section L of the restriction 7 oss| 2 Of 7 0ss t0 2. We say that L is a strict loss model
if it is in fact a strict 2-functor, and a strong loss model if it is in fact a pseudofunctor.

Remark 3.9. We may often be interested in loss models for which 4 is in fact the essential image of an
inference system, but we do not stipulate this requirement in the definition as it is not necessary for the
following development.
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Since lax functors themselves collect into categories, and using the monoidality of +, we have the
following easy proposition that will prove useful below.

Proposition 3.10. Loss models for & constitute the objects of a symmetric monoidal category
(Loss(@),—i—,O). The morphisms of Loss(%) are icons (identity component oplax transformations
[6L §4.6]) between the corresponding lax functors, and they compose accordingly. The monoidal structure
is given by sums of losses.

3.3 Examples

Each of our examples involves taking expectations of log-densities, and so to make sense of them it first
helps to understand what we mean by “taking expectations”.

Notation 3.11 (Expectations). Written as a function, a density p on X has the type X — R ; written as an
effect, the type is X-+/. Given a measure or distribution & on X (equivalently, a state 7 : [--X), we can
compute the expectation of p under 7 as the composite p e 7. We write the resulting quantity as Ez[p], or
more explicitly as E,. [p(x)] We can think of this expectation as representing the ‘validity’ (or truth
value) of the ‘predicate’ p given the state 7 [|12].

3.3.1 Relative entropy and Bayesian inference

For our first example, we return to the subject with which we opened this paper: the compositional
structure of the relative entropy. We begin by giving a precise definition.

Definition 3.12. Suppose @, are both measures on X, with o absolutely continuous with respect to
B. Then the relative entropy or Kullback-Leibler divergence from a to B is the quantity Dgy (o, ) :=

Eq [log %], where % is the Radon-Nikodym derivative of a with respect to f3.

Remark 3.13. When o and 8 admit density functions pg and pg with respect to the same base measure
dx, then Dk, (@, B) can equally be computed as E. [10g pe(x) —log pg(x)]. It it this form that we will
adopt henceforth.

Proposition 3.14. Let Z be a subbicategory of simple lenses in BayesLens,, all of whose channels
admit density functions with respect to a common measure and whose forward channels admit Bayesian
inversion (and whose forward and backward coparameters coincide), and with only structural 2-cells. Then
the relative entropy defines a strict loss model KL : ## — SGame. Given a lens (c,c’) : (X,X) + (Y.,Y),
KL assigns the loss function KL(c,c’) : eS| defined, for w : I+X and y : Y, by the relative entropy
KL(c,c")z(y) := Dkr(c}, (y),cjr(y)), where ¢! is the exact inversion of c.

Successfully playing a relative entropy game entails minimizing the divergence from the approximate
to the exact posterior. This divergence is minimized when the two coincide, and so KL represents a form
of approximate Bayesian inference.

3.3.2 Maximum likelihood estimation

A statistical system may be more interested in predicting observations than updating beliefs. This is
captured by the process of maximum likelihood estimation.

Definition 3.15. Let (¢,¢’) : (X,X) - (¥,Y) be a simple lens whose forward channel ¢ admits a density
function p.. Then its log-likelihood is the loss function defined by MLE(c,¢’)z(y) := —1og pe= ez (y)-
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Proposition 3.16. Let % be a subbicategory of lenses in BayesLens, all of which admit density functions
with respect to a common measure, and with only structural 2-cells. Then the assignment (c,c¢’) —
MLE(c,c’) defines a lax loss model MLE : 4 — SGame.

Successfully playing a maximum likelihood game involves maximizing the log-likelihood that the
system assigns to its observations y : Y. This process amounts to choosing a channel ¢ that assigns high
likelihood to likely observations, and thus encodes a valid model of the data distribution.

3.3.3 Autoencoders via the free energy

Many adaptive systems neither just infer nor just predict: they do both, building a model of their
observations that they also invert to update their beliefs. In machine learning, such systems are known
as autoencoders, as they ‘encode’ (infer) and ‘decode’ (predict), ‘autoassociatively’ [13]]. In a Bayesian
context, they are known as variational autoencoders [14]], and their loss function is the free energy [13].

Definition 3.17. The free energy loss model is the sum of the relative entropy and the likelihood loss
models: FE := KL + MLE. Given a simple lens (c,¢’) : (X,X) + (Y,Y) admitting Bayesian inversion and
with densities, FE assigns the loss function

FE(c,c")x(y) = (KL+MLE)(c,c)x(y)
:DKL(C ( )7c;rr(y ) _logpﬁon( )

Remark 3.18. Beyond its autoencoding impetus, another important property of the free energy is its
improved computational tractability compared to either the relative entropy or the likelihood loss. This
property is a consequence of the following fact: although obtained as the sum of terms which both depend
on an expensive marginalizatiorﬂ the free energy itself does not. This can be seen by expanding the

definitions of the relative entropy and of c,Tr and rearranging terms:

FE(c,d)x(y) = Dk (cp(),ch () —log perer(y)

= m)]]:jd . [log p: (x,m|y) —log P (x, mly)] —10g perar(y)

= E  [logpe (x,mly) —logp ; (x,m|y) —10g peraz(y)]
(xm)~ch () "

Pe(m,y|x)pr(x)

= E lo et \ X, M —1lo —lo e
e 108 Pes (xomly) —log == 8 2P er(y)]
= m)IE:C/ 0 [log pe: (x,m|y) —log pc(m,y|x) —log pz(x)]

= D1 (cz (7). 7®1) — ) [log pe(m,yx)]

Here, 1 denotes the measure with density 1 everywhere. Note that when the coparameter is trivial,
FE(c,c")x(y) reduces to

DKL(C%()’)JT) - E )[logpc(y|x)].

x~cp(y

Remark 3.19. The name free energy is due to an analogy with the Helmholtz free energy in
thermodynamics, as we can write it as the difference between an (expected) energy and an entropy

4Evaluating the pushforward ¢™ e 7 involves marginalizing over the intermediate variable; and evaluating c}; (y) also involves

evaluating c™ o 7.
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term:

FE(c,c)a(y) = mEs (y)[—logpc(m,yIX) —log pr(x)] = Sxem[cz ()]

™ (amiert) [Ee.m) (x:m,3)] = Sxem[cz(y)] =U =TS

where we call E. ) : X QM QY %51 the energy, and where Sxygp : 1 X@M, 1 is the Shannon entropy. The
last equality makes the thermodynamic analogy: U here is the internal energy of the system; T = 1 is the
temperature; and S is again the entropy.

3.3.4 The Laplace approximation

Although optimizing the free energy does not necessitate access to exact inversions, it is still necessary to
compute an expectation under the approximate inversion, and unless one chooses WiSClYEl, this might also
be difficult. One such wise choice established in the computational neuroscience literature is the Laplace
approximation [[17], in which one assumes Gaussian channels and posteriors with small variance. Under
these conditions, the expectations can be approximated away.

Definition 3.20. We will say that a channel ¢ is Gaussian if ¢(x) is a Gaussian measure for every x in its
domain. We will denote the mean and variance of ¢(x) by t.(x) and X.(x) respectively.

Proposition 3.21 (Laplace approximation). Let the ambient category of channels € be restricted to
that generated by Gaussian channels between finite-dimensional Cartesian spaces, and let 4 denote the
corresponding restriction of BayesLens,. Suppose (7,p) : (X,X) - (¥,Y) is such a lens, for which,
for all y : Y and Gaussian priors 7 : /+X, the eigenvalues of X, _(y) are small. Then the free energy
FE(y,p)z(y) can be approximated by the Laplacian free energy

FE(7,p)x(y >~LFE<% )a(y) (1
= E(yz) (Hp: (v)¥) — Sxem[p ()] 2
= _Ingy(.upn (v),3) —log px(p, (¥)|x) — Sxem[px ()]
where we have written the argument of the density py in ‘function’ style; where (—)x denotes the

projection onto X; and where Sxgum [Pz (V)] = E(xm)~pz(y)[—10g Pp, (x,m|y)] is the Shannon entropy of
pz(y). The approximation is valid when X,_ satisfies

Lo () = (a%x,m)E(y,n)> (Up, ()’)J)il . 3)

We call E(y ) the Laplacian energy.

Remark 3.22. The usual form of the Laplace model in the literature omits the coparameters. It is of
course easy to recover the non-coparameterized form by taking M = 1.

Proposition 3.23. Let % be a subbicategory of BayesLens, of Gaussian lenses whose backward channels
have small variance. Then LFE defines a lax loss model 28 — SGame.

Effectively, this proposition says that, under the stated conditions, the free energy and the Laplacian
free energy coincide. Consequently, successfully playing a Laplacian free energy game has the same
autoencoding effect.

5In machine learning, optimizing variational autoencoders using stochastic gradient descent typically involves a
“reparameterization trick” [16} §2.5].
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4 Future work

This paper only scratches the surface of the structure of statistical games. One avenue for further
investigation is the link between this structure and the similar structure of diegetic open (economic) games
[18]], a recent reformulation of compositional game theory [19]. Notably, the composition rule for loss
functions appears closely related to the Bellman equation, suggesting that algorithms for approximate
inference (such as expectation-maximization) and reinforcement learning (such as backward induction)
are more than superficially similar.

Another avenue for further investigation concerns mathematical neatness. First, we seek an abstract
characterization of copy-composition and Copara,; it has been suggested to uf] that the computation by
compilers of “static single-assignment form” [20] by compilers may have a similar structure. Second, the
explicit constraint defining simple coparameterized Bayesian lenses is inelegant; we expect that using
dependent optics [21} |22, 23] may help to encode this constraint in the type signature, at the cost of
higher-powered mathematical machinery. Finally, we seek further examples of loss models, and more
abstract (and hopefully universal) characterizations of those we already have; for example, it is known
that the Shannon entropy has a topological origin [24]] via a “nonlinear derivation” [25]], and we expect
that we can follow this connection further.
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Cat as follows.

Stat : €°° — Cat

Stat(X)o = %o

. Stat(X)(A,B) =  Set(¢(I,X),%(A,B))

X — Stat(X) := o - 4)
ida : Stat(X)(4,4) = {'d/‘ '%(ZX) - CgfdA/;A)
Stat(f) : Stat(X) — Stat(Y)
FEYX) o Stat(X)o = Stat(Y)o
Set(¢'(1,X),4(A,B)) — Set(¢'(1,Y),%(A,B))

o — f*a:(c:€(Y))— (a(feoc):¢(A,B))

Composition in each fibre Stat(X) is as in ¥. Explicitly, indicating morphisms ¢ (I,X) — ¢ (A,B) in
Stat(X) by A%>B, and given o : A%>Band B: B2>C, their composite is B o o L ASSC = p—B(p)ealp),
where here we indicate composition in %’ by e and composition in the fibres Stat(X) by o. Given f: Y-X
in ¢, the induced functor Stat(f) : Stat(X) — Stat(Y) acts by pre-composition.

The category of non-coparameterized Bayesian lenses is then obtained as the (1-categorical)
Grothendieck construction of the pointwise opposite of Stat, following Spivak [8].

B Monoidal statistical games

In this section, we exhibit the monoidal structures on copy-composite Bayesian lenses, statistical games,
and loss models, as well as demonstrating that each of our loss models is accordingly monoidal. We begin
by expressing the monoidal structure on Copara,(%).

Proposition B.1. If the monoidal structure on % is symmetric, then Copara, (%) inherits a monoidal
structure (®, 1), with the same unit object I as in €. On 1-cells f: A e Band f': A’ - B', the tensor

fRf ARQA WB@B’ is defined by

.

—

On2-cells@: f=>gand ¢': = ¢, the tensor R @' : (f® f') = (g®g’) is given by the string diagram
A PR
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Next, we define the notion of monoidal indexed bicategory.

Definition B.2. Suppose (#,®,I) is a monoidal bicategory. We will say that F : 4°°P — Bicat is
a monoidal indexed bicategory when it is equipped with the structure of a weak monoid object in the
3-category of indexed bicategories, indexed pseudofunctors, indexed pseudonatural transformations, and
indexed modifications.

More explicitly, we will take F to be a monoidal indexed bicategory when it is equipped with

(i) an indexed pseudofunctor i : F(—) x F(=) — F(—® =) called the multiplication, i.e.,
(a) afamily of pseudofunctors Uy y : FX x FY — F(X®Y), along with
(b) for any 1-cells f: X — X’ and g: Y — Y’ in 4, a pseudonatural isomorphism fif , : [y’ y’ ©
(FfxFg)=F(f®g)oMtxy:
(ii) a pseudofunctor 1 : 1 — FI called the unit;

as well as three indexed pseudonatural isomorphisms — an associator, a left unitor, and a right unitor —
which satisfy weak analogues of the coherence conditions for a monoidal indexed category [[7, §3.2], up
to invertible indexed modifications.

Using this notion, we can establish that Stat; is monoidal. (So as to demonstrate the structure, we do
not defer the proof sketch.)

Theorem B.3. Stat; is a monoidal indexed bicategory.

Proof sketch. The multiplication u is given first by the family of pseudofunctors iy y : Staty(X) x
Stat,(Y) — Statp (X ® Y) which are defined on objects simply by tensor

Uxy(A,B) =A®B
since the objects do not vary between the fibres of Stat,, and on hom categories by the functors
Staty(X)(A,B) x Staty(Y) (A", B')
= Cat(disc¢'(1,X),Copara; (%) (A, B)) x Cat(disc¢(1,Y),Copara; (%) (A", B))

=~ Cat(disc¢'(I,X) x disc¢(1,Y), Coparaj (%) (A, B) x Coparay (%) (A", B))
Cat(disc ¢ (1,projy ) xdisc € (1,projy ),®)

Cat(disc% (I, X ®Y)?, Copara}(¢)(AQA", BRB'))

m Cat(disc4 (I, X ®Y),Copara}(C)(AQA' ,B®B’)

=Statr)( X®Y)(ARA ,BRB) .

where Cat ('¥,id) indicates pre-composition with the universal (Cartesian) copying functor. For all
f:X —X'and g:Y — Y’ in Copara)(%), the pseudonatural isomorphisms

Iif.e : My y o (Stata(f) x Staty(g)) = Statr(f ®g) o tx v

are obtained from the universal property of the product x of categories. The unit 1 : 1 — Stat, (/) is the
pseudofunctor mapping the unique object of 1 to the monoidal unit /. Associativity and unitality of this
monoidal structure follow from the functoriality of the construction, given the monoidal structures on ¢’
and Cat. O

Just as the monoidal Grothendieck construction induces a monoidal structure on categories of lenses
for monoidal pseudofunctors [[7]], we obtain a monoidal structure on the bicategory of copy-composite
bayesian lenses.
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Corollary B.4. The bicategory of copy-composite Bayesian lenses BayesLens, is a monoidal bicategory.
The monoidal unit is the object (/,1). The tensor ® is given on 0-cells by (X,4)® (X",A") := (X®X',A®
A’), and on hom-categories by

BayesLens, ((X,A), (Y,B)) x BayesLens, ((X,A), (Y, B))

— Copara)(%)(X,Y) x Staty(X)(B,A) x Coparah(%)(X’,Y’) x Stat,(X")(B',A")

=, Copara)(%)(X,Y) x Copara) (%) (X’,Y’) x Staty(X)(B,A) x Staty(X')(B',A")

®x 1%
Hix Copara) (€)(XQX',Y ®Y') x Statz,(X @ X') (B®B ,AQA’)

= BayesLens, ((X,A)® (X",A"),(Y,B)® (Y',B)) .

And similarly, we obtain a monoidal structure on statistical games.

Proposition B.5. The bicategory of copy-composite statistical games SGame is a monoidal bicategory.
The monoidal unit is the object (Z,7). The tensor ® is given on O-cells as for the tensor of Bayesian lenses,
and on hom-categories by

SGame ((X,A), (Y,B)) x SGame ((X',A"),(Y',B'))

= BayesLens, ((X,A), (Y,B)) x Stat(X)(B,I)
x BayesLens, ((X',A"),(Y',B)) x Stat(X")(B',I)

—=> BayesLens, ((X,A), (Y,B)) x BayesLens, ((X',A"),(Y',B))
x Stat(X)(B,I) x Stat(X')(B', )

E7E, BayesLens, (X, A)® (X', A'), (V,B)® (¥, B)) x Stat(X ©X') (BB 1®1)

= SGame ((X,A)® (X",A"),(Y,B)®(Y',B))

where here u indicates the multiplication of the monoidal structure on Stat 26, Prop. 4.3.5].

We give natural definitions of monoidal inference system and monoidal loss model, which we elaborate
below.

Definition B.6. A (lax) monoidal inference system is an inference system (Z,¢) for which ¢ is a lax
monoidal pseudofunctor. A (lax) monoidal loss model is a loss model L which is a lax monoidal lax
functor.

Remark B.7. We say ‘lax’ whenever a morphism (of any structure) only weakly preserves a monoidal
operation such as composition of any order; this includes as a special case lax monoidal functors (since a
monoidal category is a one-object bicategory). In this respect, we differ from [[7, §2.2], who use ‘weak’ in
the latter case; we prefer to maintain consistency. Following [6, Def. 4.2.1], we will continue to say lax
when the witness to laxness maps composites of images to images of composites (and oplax when the
witness maps images of composites to composites of images).

These conventions mean that a loss model L : Z — SGame is lax monoidal when it is equipped with
strong transformations

B x B L, SGame x SGame
®,@i % l@c and (11 J/ \

B — SGame PB —]Q SGame
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where ®4 and ®¢ denote the monoidal products on % — BayesLens, and SGame respectively, and
when A and Ay are themselves equipped with invertible modifications satisfying coherence axioms, as in
Moeller and Vasilakopoulou [7, §2.2].

Note that, because L must be a (lax) section of the 2-fibration 7 oss| z : SGame |4 — 2, the unitor
Ao is forced to be trivial, picking out the identity on the monoidal unit (7,7). Likewise, the laxator
A L(—)®L(=) = L(—®=) must have 1-cell components which are identities:

LX,A)QL(X'",A) = (X,A)® (X", A") = (X®X',AQA") = L((X,A)®L(X',A))

The interesting structure is therefore entirely in the 2-cells. We follow the convention of [[6, Def.
4.2.1] that a strong transformation is a lax transformation with invertible 2-cell components. Supposing
that (¢,c’) : (X,A) - (Y,B) and (d,d’) : (X',A") - (Y',B’) are 1-cells in 4, the corresponding 2-cell
component of A has the form A.4 : L((c,c’)®(d,d")) = L(c,c’)® L(d,d’), hence filling the following
square in SGame:

(X,4) @ (x,47) LoDy gy (v, B

—

X A / Y/ Bl
(X,4)® (X', )L((c,c')®(d,d’))(

Intuitively, these 2-cells witness the failure of the tensor L(c,¢’) ® L(d,d") of the parts to account for
correlations that may be evident to the “whole system” L((c,c’) ® (d,d")).

Just as we have monoidal lax functors, we can have monoidal lax transformations; again, see [7, §2.2].

Proposition B.8. Monoidal loss models and monoidal icons form a subcategory MonLoss(%) of Loss(%),
and the symmetric monoidal structure (+,0) on the latter restricts to the former.

B.1 Examples

In this section, we present the monoidal structure on the loss models considered above. Because loss
models L are (lax) sections, following Remark this monoidal structure is given in each case by
a lax natural family of 2-cells A4 : L((c,c’) ® (d,d’)) = L(c,c’) ®L(d,d’), for each pair of lenses
(c,c"): (X,A) - (Y,B) and (d,d") : (X',A") - (Y',B). Such a 2-cell A 4 is itself given by a loss function
of type BB X%, satisfying the equation L((c,c’) ® (d,d’)) = L(c,c') @ L(d,d’) + Ac 4. Following [6\
Eq. 4.2.3], lax naturality requires that A satisfy the following equation of 2-cells, where K denotes the
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laxator (with respect to horizontal composition ¢) with components K(e,c) : LeoLc = L(eoc):

(Y,B)® (Y',B)

L(c®d) L(e®f)
K(e®f,c®d) \

(X,A)@(X/7A/) L((e@c)@(f@d)) _ (Z,C)®(Z/,C/)

A(eoc, fod)

L(eoc)®L(fod)

L(c®d) <Y7B)®(Y,7Bl) L(e®f)

A; Am

X,A) (X", A) —EB, (v B)®(Y',B)

K(e,c)®K(fd)

L(eoc)RL(fod)
Since vertical composition in SGame is given on losses by +, we can write this equation as
Aeoe,fod)+K(e® f,c®d)
=Ae,f)oA(c,d)+K(e,c) ®K(f,d)
=A(e.f)ega +A(c,d)o (€' @ f")ea + K(e,c) RK(f,d) . (5)
In each of the examples below, therefore, we establish the definition of the laxator A and check that it

satisfies equation 3]
We will often use the notation (—)y to denote projection onto a factor X of a monoidal product.

B.1.1 Relative entropy

Proposition B.9. The loss model KL of Proposition is lax monoidal. Supposing that (¢,¢’) : (X,X) +
(Y,Y) and (d,d') : (X',X") - (Y',Y’) are lenses in &, the corresponding component AX\(c,d) of the
laxator is given, for @ : [+->-X®X’ and (y,y’) : Y ®Y’, by

Pox®@aoy (x’x,) ] +1log p(c@d)%ow(ya yl)

Ao, d)o(vy):= B [log :
¢ )~ Pw(xax/) P(c@d)?-(wX@wX/)(y,y/)

(x,x" ym,m’

(Cloy ®do, ) Y)

B.1.2 Maximum likelihood estimation

Proposition B.10. The loss model MLE of Proposition is lax monoidal. Supposing that (c¢,c’) :
(X,X) -+ (Y,Y) and (d,d") : (X',X") = (Y',Y") are lenses in 4, the corresponding component AME(c, d)
of the laxator is given, for ® : I->X ® X’ and (y,y’) : Y ®Y’, by

P(c@d)™ s (ax@wy) (15)")

AMLE(C d) o (r,y) :=10
(€. d)aly.y):=log Pewd) o0 ()
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B.1.3 Free energy

Corollary B.11. The loss model FE of Definition is lax monoidal. Supposing that (¢,¢’) : (X,X) -
(Y,Y) and (d,d') : (X',X') = (Y',Y’) are lenses in 4, the corresponding component AE(c,d) of the
laxator is given, for @ : I->X ® X’ and (y,y’) : Y ®Y’, by

wa®wx/ (X, X/) :|

APE(c,d)o(r,y) = E [lo
(€. d)a(2.y) ow) | 8 palr)

(x,x/) ~ (C;‘)X ®d{uX’

B.1.4 Laplacian free energy

Proposition B.12. The loss model LFE of Propositions and is lax monoidal. Supposing that
(e,c'): (X,X) - (Y,Y) and (d,d') : (X',X") = (Y',Y’) are lenses in 4, the corresponding component
ALFE (¢, d) of the laxator is given, for @ : I+>X ® X’ and (y,y’) : Y ®Y’, by

Pox@ay (Wezay, (5 )xx)
Po(Kegay, (3, )xx")

AFE (e, d)o (3,y') 1= log
where [1(.@ay, (,)")xx is the (X ® X’)-mean of the Gaussian distribution (¢, ®d, ) (v,)').

C Proofs

C.1 Proof of Theorem 2.1]

Proof. To show that Copara, (%) is a bicategory, we need to establish the unitality and associativity
of vertical composition; verify that horizontal composition is well-defined and functorial; establish the
weak unitality and associativity of horizontal composition; and confirm that the corresponding unitors
and associator satisfy the bicategorical coherence laws. Then, to prove that Copara,(%’) is moreover
monoidal, we need to demonstrate that the tensor as proposed satisfies the data of a monoidal bicategory.
However, since the monoidal structure is inherited from that of €, we will elide much of this latter proof,
and demonstrate only that the tensor is functorial; the rest follows straightforwardly but tediously.

We begin by confirming that vertical composition ® is unital and associative. To see that © is unital,
simply substitute the identity 2-cell (given by projection onto the coparameter) into the string diagram
defining ©® and then apply the comonoid counitality law twice (once on the left, once on the right).
The associativity of ® requires that ¢” ® (¢’ ©® @) = (¢” © ¢’) © @, which corresponds to the following
graphical equation:

To see that this equation is satisfied, simply apply the comonoid coassociativity law twice (once left, once
right).
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Next, we check that horizontal composition o is well-defined, which amounts to checking whether the
horizontal composite of 2-cells satisfies the change of coparameter axiom. Again, we reason graphically.
Given 2-cells ¢ and y between composable pairs of 1-cells f, /" and g, g’, our task is to verify that

Yoo ——

Since ¢ and ¥ satisfy change of coparameter ex hypothesi, the left hand side is equal to the morphism

M/

B

By comonoid coassociativity, this is in turn equal to

which, by the definition of o, is precisely equal to

Yoo

and so this establishes the result.

We now verify that o so defined is functorial on 2-cells, beginning with the preservation of composition.

We need to validate the equation (¥ 0 @) ® (Yo @) = (Y ®7) o (¢’ ® @) (for appropriately composable
2-cells). This amounts to checking the following equation, which can be seen to hold by two applications
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of comonoid coassociativity:

R S

/ "
M 0 oM
B - B _
N N

Y

4

1|

It is easy to verify that o preserves identities, i.e. that id, oids = idg.r; just substitute the identity 2-cells
into the definition of o on 2-cells, and apply comonoid counitality four times.

Next, we establish that horizontal composition is weakly associative, which requires us to supply
isomorphisms ots 44 : (hog)o f = ho(go f) natural in composable triples of 1-cells %, g, f. Supposing
the three morphisms have the types f: A e B,g:B v C,and h:C e D, we can choose ay 4, to be the

2-cell represented by the morphism

A® ((M®B)®((N®C)®0))®D ™™ (ME®B)®((N®C)®0) -

a‘(:
(u@n) (veC) 0
>

M®B)®(N®C))®O ---

a;%@B).N.C(@idO
—

(M®B)®N)®C)®O0

where the first factor is the projection onto the coparameter and ot denotes the associator of the monoidal
structure (®,7) on €. In the inverse direction, we can choose the component ocf_; piho(gof)=(hog)of
to be the 2-cell represented by the morphism

A® ((M®B)®N)®C)®0) @D *% (M®B)®N)®C)®O ---

OB N ®id
. _MEB)NCTO (M®B)®(N®C))®O ---

¢, —1
- Hwes) (vec).0 (

M®B)®(N®C)®O0)

where 0“1 denotes the inverse of the associator on (¢’,®, ). That the pair of &y, ; and o ; , constitutes

an isomorphism in the hom category follows from the counitality of the comonoid structures. That this
family of isomorphisms is moreover natural follows from the naturality of the associator on (¢, ®,1).
We come to the matter that motivated the construction of Copara,(%): the weak unitality of copy-
composition, witnessed here by the weak unitality of horizontal composition. We need to exhibit two
families of natural isomorphisms: the left unitors with components A, : idgof = f, and the right unitors
with components py : foidy = f, for each morphism f : A e B. Each such component will be defined

by a projection morphism, and weak unitality will then follow from the counitality of the comonoid
structures. More explicitly, A, is witnessed by proj,, : AQM ® BQ B — M; its inverse lf_ lis witnessed

by projM®B :AQM®B — M®B; py is witnessed by proj,, : AQA®M ® B — M; and its inverse pf_1 is
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witnessed by projygy : AQM QB — A®M. Checking that these definitions give natural isomorphisms is
then an exercise in counitality that we leave to the reader.

All that remains of the proof that Copara, (%) is indeed a bicategory is to check that the unitors
are compatible with the associator (i.e., (idgods) ® Olidy,f = Pg ©idy) and that associativity is order-
dependent (i.e., the associator o satisfies the pentagon diagram). The latter follows immediately from the
corresponding fact about the associator a® on (%,®,I). To demonstrate the former, it is easier to verify
that (idgoAs) © O ids. O (pg_] oidy) = idgoy. This amounts to checking that the following string diagram
is equally a depiction of the morphism underlying idg.s:

A
M idy 3 LM
B
B
8
‘g T

(Note that here we have elided the associator from the depiction. This is allowed by comonoid counitality,
and because string diagrams are blind to bracketing.) Substituting the relevant morphisms into the boxes,
we see that this diagram is equal to

M M
| i
B !
B
N

and six applications of counitality give us id,. . This establishes that Copara, (%) is a bicategory. [

C.2 Proof of Theorem 2.12

Proof. We only need to show that }/,Tr . S;E is a Bayesian inversion of § e y with respect to 7; the ‘moreover’
claim follows immediately because Bayesian inversions are almost surely unique [26], Prop. 4.1.28]. Thus,
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0 e ye 1 has the following depiction;

Since }/); is a Bayesian inversion of ¥ with respect to 7, this is equal to

By the coassociativity of copying, this in turn is equal to
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And since 5% is a Bayesian inversion of & with respect to (y7), this is equal to

which establishes the result. O

C.3 Proofs about statistical games (§3)

Proof of Theorem[3.3] Recall that every monoidal category .# can be transformed into a one-object
bicategory, its delooping B.# , with the 1-cells and 2-cells being the objects and morphisms of .Z, vertical
composition being composition in .#, and horizontal composition being the tensor. This ‘delooping’ is
functorial, giving a 2-functor B : MonCat — Bicat which, following Corollary we can compose after
Stat(—)(=,1) (taking its domain as a locally discrete 2-category) to obtain indexed bicategories; we will
assume this transformation henceforth.

Next, observe that we can extend the domain of Stat(—)(=,1) to ZX;COPamzz (1) oen Stat2 (X) 0P by
discarding the coparameters of the (coparameterized) state-dependent channels as well as the coparameter
on any reindexing, as in the following diagram of indexed bicategories:

ZX:Coparalz(%”) coop Statp (X> oo

Z%% Staty (—)(=,1)

=

op :
ZX:C@”"P Stat(X) m Bicat

Here, the 2-cell indicates also discarding the coparameters of the ‘effects’ in Staty(—)(=,1).

If we let L denote the composite functor in the diagram above, we can reason as follows:
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L: ZX:Coparalz((ﬁ)coop Staty(X)“°°P — Bicat

¢Stats (X)0oP

sum/product
HX :Coparab (%) coop Bica

HX:Coparalz (CK) coop 2Fib (Stat2 (X))
Copara) (%) — Bicat
G : Copara) (%) — Bicat

I1§

forget

op

where the first step uses the adjointness of (dependent) sums and products; the second applies the
bicategorical Grothendieck construction in the codomain; the third forgets the 2-fibrations, to leave only
the total bicategory; and the fourth step takes the pointwise opposite. We can thus write the action of G as
G(X) = (JL(X, )™

Since each bicategory L(X, B) has only a single O-cell, the O-cells of each G(X) are equivalently just the
objects of %, and the hom-categories G(X)(A, B) are equivalent to the product categories Stat, (X )(B,A) x

Stat(X)(B,I). That is to say, a 1-cell A — B in G(X) is a pair of a state-dependent channel BSA along
with a correspondingly state-dependent effect on its domain B. We therefore seem to approach the
notion of statistical game, but in fact we are already there: SGamey is simply { G, by the bicategorical
Grothendieck construction. To see this is only a matter of further unfolding the definition. O

Proof sketch for Proposition[3.10} From [[6, Theorem 4.6.13], we have that icons compose, giving a
category. Then note that, for any two loss models F and G and any n-cell o, F(a) and G(a) must only
differ on the loss component, and so we can sum the losses; this gives the monoidal product. The monoidal
unit is necessarily the constant 0 loss. Finally, observe that the structure is symmetric becauase effect
monoids are by Definition [3.T] commutative. O

Proof of Proposition Being a section of 7 oss| 2, KL leaves lenses unchanged, only acting to attach
loss functions. It therefore suffices to check that this assignment of losses is strictly functorial. Writing
e for composition in 4, o for horizontal composition in Stat,, o in BayesLens,, and ¢ for horizontal
composition of losses in SGame, we have the following chain of equalities:

KL((d,d")o(c,c 7) = E log p(pogny. (X,m,y,n|z
(@d)s(ec) = B [logpee,tomynl)

- 1ng(c’rodj)n(x7may7n|z):|

= E E log p. (x,m r(y,n|z
()~ z.ﬂ<z><x7m)~c;r<y>[ P () Pt )

~logp; (x,mly) py_(vlc) |

= E [10 / N —1lo N
(1) ~di.az(2) gpdc.n (y |Z) gpdjon (y |Z)

+ E log po (x,m|y) —log p 1 (x,m
(x,m)~c%(y)[ gp ”( ‘y) gPL;rr( |y)]]

=Dkt (n(@) dln(@) + B D (ch0),h0))

= KL(d,d')cor(2) + (KL(c,c') 0d}) (2)
= (KL(d,d") oKL(c,c")) (2)
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The first line obtains by definition of KL and o; the second by definition of o; the third by the log adjunction
(logab = loga + logb) and by linearity of E; the fourth by definition of Dk ; the fifth by definition of KL
and of o; and the sixth by definition of ©.

This establishes that KL ((d,d") @ (c,c)) = KL(d,d’)oKL(c,c’) and hence that KL is strictly functorial
on 1-cells. Since we have assumed that the only 2-cells are the structural 2-cells (e.g., the horizontal
unitors), which do not result in any difference between the losses assigned to the corresponding 1-cells,
the only loss 2-cell available to be assigned is the 0 loss; which assignment is easily seen to be vertically
functorial. Hence KL is a strict 2-functor, and moreover a section of 7 oss| # as required. ]

Proof of Proposition[3.16] We adopt the notational conventions of the proof of Proposition[3.14] Observe
that

MLE((d,d") o (c,c")) .(z) = —10gpyrecter(z) = MLE(d,d")cen(2) -
By definition, we have
(MLE(d,d") o MLE(c,¢)) () = MLE(d, d')car(2) + (MLE(c,¢') odl!) ()
and hence by substitution
(MLE(d,d") oMLE(c,c")) (z) = MLE((d,d") o (c,c")) . (z) + (MLE(c,c) o d}) (2) -
Therefore, MLE(c,¢’) o d. constitutes a 2-cell from MLE(d,d’) o MLE(c,¢’) to MLE((d,d’) @ (c,c’)), and

hence MLE is a lax functor. It is evidently moreover a section of 7| oss| 2, and, like KL, acts trivially on
the (purely structural) 2-cells. O

Proof of Lemma([3.21] We can write the density functions of Gaussian channels as:

1 _
log py(m,y|x) = §<87, X, 187,>—10g (277:)|Y|det2y
1 _
log pp, (x,m|y) = 5 (€, 2p, ' €p,» —log/ (2m)XI detZ,, (6)

1
log pz(x) = §<€n,2n_18n>—log (27) X detX,
where for clarity we have omitted the dependence of £, on x and ¥, on y, and where

& = (m,y) — ty(x),
gpﬂ' = (x7m)_upn(y)7 (7)
Eri=x—Ug.

Then, recall that we can write the free energy FE(7, p)z(y) as the difference between expected energy and
entropy:

FE(7,p)z(y) = (x,m)I~Ep,,(y)[_ logpy(m,y]x) - logpﬂ(x)] — Sxem [pn()’)]

- E E Y 9 - S
(x,m)~p7[(y)[ (r.m) (X m y)] X[pﬂf(y)]
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Next, since the eigenvalues of X, (y) are small for all y : Y, we can approximate the expected energy by
its second-order Taylor expansion around the mean p,_(y):

FE(%P)R()’) ~ (x.m)I~Ep o) [E(Yﬂ.') (.upn()’),)’) +<8Pn(x7m7y)7 (a(x,m)E(’yﬂt)) (.upn (y)ay)>

* % <8"” (x,m,y), (a(zxm)E(Wr)) (o, (v),) -Epn(x,m,y)>]
—Sxem[px(y)]

(i) E(}/,ﬂ:) (.upn (y)vy) + <(x m)]]?p ) [gpn (x,m,y)], (a(x,m)E(Y,n)) (.upn (y)vy)>

420 (BB ) (0.0),9) T, )]~ Sxu[ps ()]
© Bty 150 + 510 (@ Eerm) (149:00:9) 2 )] = Sxam[pa)]

where ((9(2x m)E(%n)) (Hp, (y),y) is the Hessian of E(, ) with respect to (x,m) evaluated at (i, (y),y).

The equality marked (a) holds first by the linearity of expectations and second because

(x,m)~pr

E ) [<ep”(x,m,y), (a(zx,m)E(%”)> (Hp: (9),) 'EpH(X,Wt,y)>]

™ femepey [tr [ (#Fem B ) (o 0),9) e em.) (x’m’y)T]]

—u [ (emEam) (Hoc0)) B L (xm) e, (x,m,yf]]

= o[ (B Eirm ) (19 0):3) T () ®)

where the first equality obtains because the trace of an outer product equals an inner product; the second
by linearity of the trace; and the third by the definition of the covariance X,,_(y). The equality marked ()
above then holds because E(, )~ (y) [ €, (X,1,y)] = 0.

Next, note that the entropy of a Gaussian measure depends only on its covariance,

Sxem|Pz(y)] = %logdet (2meXp, (v))

and that the energy E(, z)(Up, (v),y) does not depend on X, (y). We can therefore write down directly the
covariance X} (y) minimizing FE(y,p)z(y) as a function of y. We have
b

B 17, |
05, FE(7,p)z(y) ~ 5 (a(xm)E(y,fr)) (.Upﬂ ()’)J) + Ezpn
by equation (b) above. Setting Js, FE(Y,p)z(y) = 0, we find the optimum as expressed by equation (3)):

—1
27;,, ) = (@%E(y,n)) (”Pn ()’)7}’)
Finally, by substituting £§ (y) in equation (8), we obtain the desired expression, equation (T)):

FE(Y.P)z(y) = E(y.z) (Hp: (¥),¥) — Sxeum [P2(¥)] =: LFE(Y,p)x(y).
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Proof of Proposition[3.23] Again we follow the notational conventions of the proof of Proposition [3.14]
Additionally, if w is a state on a tensor product such as X ® Y, we will write wy and @y to denote its X
and Y marginals. We will continue to write ¢™ to denote the result of discarding the coparameters of a
coparameterized channel c.

Observe that, by repeated application of the linearity of [E, the log adjunction, and the definitions of e
and o,

(LFE(d,d") o LFE(c,c")) .(2)
= LFE(d,d")ca(z) + (LFE(c,¢) 0 dlyr) (V)
:LFE(d,d’)C.,z(z)Jr( E  [LFE(c,c)x(y)]

yn)~ COE(Z

= —logpa(Mar,_(2),2) —10g pe=er (Mar, (2)y)

+ E [log pa,,(y:n|z) —log pe (e (v),y) —log pr (e (v)x)
(yvn)Ndé-n(Z)

E 1 cr\As
by LoEe o]

= —logpa (U, (2),2) —10g per (Mar, . (2)y)

+ E [~logpe(te,(v),y) —logpr(te, (v)x)]
() ~dlar(2)

+ E logpa._ (y,n|z) + E logpe (x,m
(y7n)~d£.n(2)[ 8Pat,0:111) (xsm)w}(y)[ 8P |y)]]

= —logpy (ﬂdg,,[ (2), Z) —10gperen (ﬂdg,,[ (Z)Y)

+ E  [~logpe(pte (v),y) —log pr(per (v)x)]
(1) ~dll o (2)

E E logpa (v,n|z) +1log pe (x,mly
(y7n)~d£.n(2)(XM)NL‘%(Y)[ 8Pata; (o1f2) gpe(x.m| )]

= —logpa (U, (2),2) —10g P er (Mar, (2)y)

E  [—logpe(te (v),y) —logpz(te (v)x) ]
(m)~dlez(2)

+ E —1lo clod! X,m,y,n|z
(x’m’y’n)N(C/odé)n(Z)[ gp( dc)ﬂ( y ’ ):|

= —logpy (ﬂdg,,[ (2), Z) —10gperen (ﬂdg,,[ (Z)Y)

+ (yn)j%, (Z)[—logpc (/Jc;[ ()’),)’) —logpx (lJc;r (Y)X)] - SXMYN[(C/ Odﬁ)n(Z)]

= —logpa (s, (2),2) —10g per (Mar, . (2)y)

+  E [Eex(be,(0),5)] = Sxmyn[ (¢ o0dp)z(2)]
(yvn)'”dz,rur(z)

where XMYN is shorthand for X @M XY @ N.

Now, writing Eé’c ) = E) (1. (v),y), by the Laplace assumption, we have

1
u ~ M : 2 ph
(y,n)~Eg.,[(z) [E(cﬁ) ()’)] ~ E(Cvﬂ) (Har,, (2)y) + 3 tr [(@E(c,n)) (Nd{..,,(z)Y) Xa,, (Z)Yy]
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and so we can write

(LFE(d,d") oLFE(c,c")) (2)
~ —logpa(ta,,(2),2) —10g p+ox (Har,, (2)v)
B @) + g | (BB ) (@) B O
—Sxmyn| (¢ 0dl)z(z )]
= —logpa (g, (2),2) —10g pe(Mer (Mar, (2)y), Mar, (2)y) —log pr (et (Har, (2)¥)x)
— SXMYN[(C/ odé)ﬂ(z)] —logp.ten (.Udg.,,( )Y)
o[ (BB ) (B ) T @y
= E(dec,n) (H(croar); (2),2) — SXMYN[(C Od/) (2)]
108 peran (b @) + [ (BEL ) ) (@) B, (O
= LFE((d,d") o (¢,c")) (2) — 108 perar (Mar, (2)1)
+ %tf[(ﬁyzEﬁ,n)) (Ma, . (2)v) Zay, . <Z)YY] :

Therefore, if we define a loss function x by

e(2) = 5 0 (BEL 1)) (s () T Dy | 02 o 1, ()

then « constitutes a 2-cell LFE(d,d’) o LFE(c,¢’) = LFE((d,d’) © (c,c’)), as required. O

C.4 Proofs about monoidal statistical games (§B)

Proof of Proposition[B. 1] To establish that (Copara,(%¢’),®,I) is a monoidal bicategory, we need to show
that ® is a pseudofunctor Copara, (%) x Copara, (%) — Copara, (%) and that I induces a pseudofunctor
1 — Copara, (%), such that the pair of pseudofunctors satisfies the relevant coherence data. We will omit
the coherence data, and only sketch that the pseudofunctor ® is well defined, leaving a full proof for later
work. (In the sequel here, we will not make very much use of this tensor.)

First, we confirm that & is locally functorial, meaning that our definition gives a functor on each
pair of hom categories. We begin by noting that ® is well-defined on 2-cells, that ¢ ® ¢’ satisfies that
change of coparameter axiom for f ® f’; this is immediate from instantiating the axiom’s string diagram.
Next, we note that ® preserves identity 2-cells; again, this is immediate upon substituting identities
into the defining diagram. We therefore turn to the preservation of composites, which requires that
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(YO0)® (Y09 )=(y®Y)®(¢p®¢@’), and which translates to the following graphical equation:

It is easy to see that this equation is satisfied: use the naturality of the symmetry of (¢,®,I). This
establishes that ® is locally functorial.

Next, we confirm that ® is horizontally (pseudo) functorial. First, we note that id;®id» = id s by
the naturality of the symmetry of (¢,®,I). Second, we exhibit a multiplication natural isomorphism,
witnessing pseudofunctoriality, with components [, o 7 7 : (§® &) o (fQ f') = (g0 f)® (g o f') for
all composable pairs of 1-cells g, f and g’, f’. Let these 1-cells be such that (g®g’) o (f® f’) has the
underlying depiction

M

It is then easy to see that defining U, s » and its inverse /,Lg_gl, Fp a8 the 2-cells with the following
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respective underlying depictions gives us the desired isomorphism:

4y 4y
L“‘ L“‘
M M M M
M B B M
B N N B
B M and M B
N B B N
N N N N
- c
L“‘ L“‘

The naturality of this definition is a consequence of the naturality of the symmetry of (¢, ®,1).

That this tensor satisfies the monoidal bicategory axioms — of associativity, unitality, and coherence
— follows from the fact that the monoidal structure (®, 1) satisfies correspondingly decategorified versions
of these axioms; we leave the details to subsequent exposition. O

Proof of Proposition We have

(KL(c)®KL(d)) ,(».Y)
= E [logpcg,x (x,mly) —logp; (x,mly)]

(em)~cly ()

+ E logpy (X',m'|y’)—logp + (X',m’ ’}
oy, (y,){ e P, (X, mly) —logp, (x,m]y)
= (e Em,)N |:1ngch®de/ (x,x’,m,m’]y,y/) - IngCZ)X®d(LX, (x,x’,m,m’\y,y’)]
(Cloy @ty ) (")
and
(KL(c®d)w(r.Y)
= [IOchg,X®dg,X,(m’>m,m'\y,y’)*logp(@d);u (x,X’,m,m’ly,y’)].
(Coy ®da,, ) ()"

Using Bayes’ rule, we can rewrite the exact inversions in these expressions, obtaining

(KL(c) ®KL(d)) ,(»,¥")
= E [logpc;,,X@dg,x/ (x,x",m,m'|y,y") —log pc(y,m|x) —log pa(y',m'|x")

(" mm’) ~
CACYAR Y

- logpr (X) - logpwxl ()C,) + logpcfrowx (y) + logpd—;r.a)xl (y,)]
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and

(KL(c®d)o(1,y)
= E [logpc;,, @d, (x,x',m,m'|y,y") —log pc(y,m|x) —log pa(y/,m’|x')
(" mm’) ~ X X'
(Coy ®da,, ) ')

- logpw(x,x/) + 10gp(c®d)?oco(y,y/)] :

We define A (c,d)(y,y’) as the difference from (KL(c®d) o (y,)’) to (KL(c)® KL(d)),,(v,)'). and so,
with a little rearranging, we obtain the expression above:

A5 (e d)o(,y) = (KL(c®d) o (y,)) — (KL(c) ®KL(d)) , (,)")
Pox@oy (%,X) } o P(c@d)Ten(VsY)

E [1 , _
/(x7xl7r77ml) ~ , Po (x7x ) p(C@d)%O(wx(@wX/) (y7y )
(CmX®de, YY)

Next, we need to validate lax naturality. Since KL is strict on losses, we need only check that
A‘KL(e(Dcvf@d) = lKL(&f)C@d + )LKL(Cad) © (el®f/)c®d .

By definition, we have

(A e f)ewa) (2 7)

- / . . ,

= E log P(c@d)n(wx(@wxl)(/)’a)’) 41 P(e®f)To(c®d) .w(z,z) /

(yy',nn’) ~ p(c@d)?.a)()@y ) P(e®f) 7 o(c®d)T o (03 @0y (Z,Z )
(ei»@f[})w(az’)

and

()LKL(Cvd) o (e,®f,)c®d) w(Z,Z’)

= E E [log
.y ') ~ (X' smm’) ~

Pox®aoy (x’x/) :| +log p(c@d)%oa)()@y/)
p
(LB Jule) | oy @ )0) (

pw(x7x,> c®d)";ro(a)x®wx/)(yay/)

And so we also have

QLKL(emc,fcbd)w(z,z’)

VT e(c Te 0y !
)}Hog P(e@f)To(c@d) o0 (2:2)
Po(x,x")

P(e@f)7o(c@d)To(@x@y) (2:2)

(xvxlvmvml) ~

((Coe)@(d'of)) (@2
= (AX (e, d) o (€ @ f)ewa) ,(2:2) + (A (e, f)ega) o (2,7)

thereby establishing the lax naturality of AXL, by the commutativity of +. O
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Proof of Proposition|B.10} To obtain the definition of AMLE(c d), we consider the difference from
MLE(c®d) to MLE(c) ® MLE(d):
AME (e d) (1)) = MLE(c®d) o (1)) — (MLE(c) ®MLE(d)) , (v,))
= — 102 P(c@d) o0 (1Y) T102 P 0y (V) =102 Pyt ac,, ()
P(c@d)" s (@) 0:)')
P(cgd)Ten(3:Y)

To demonstrate lax naturality, recall that MLE is a lax section, so we need to consider the corresponding
o-laxator. From Proposition [3.16] the laxator KM-E (e, c) : MLE(e) « MLE(c) = MLE(eoc) is given by
KMLE(e,¢) := MLE(c) o €. Next, observe that

= log

/
P ((es0)"@(sd)") s(rmu) %)

XMLE(eq)c,fmd)w(z,z/) =log 7

p ((eec)™@(foa)7) .w(
P(e®f)To(c®d)To(0xR@wyr) (z,7)
P(e@f)™o(c@d) o (2,7)
= lMLE(@f)(e@d).w(ZaZ,) .
Consequently, we need to verify the equation
MLE(c®d) o (e®f")ega = A E(e,d) 0 (¢ @ f)e@a + (MLE(c) ®MLE(d)) o (¢ ® f')ca
which, by bilinearity of effects, is equivalent to verifying

MLE(c®d) = AM'E(¢,d) + MLE(c) @ MLE(d).

=log

But, since + is commutative, this is satisfied by the definition of AM'E(c,d) as a 2-cell of type MLE(c®
d) = MLE(c) ® MLE(d). O

Proof sketch for Corollary[B.11] FE is defined as KL + MLE, and hence AFE is obtained as AKL + AMLE,
Since + is functorial, it preserves lax naturality, and so AFE is also lax natural. A"F is thus a strong
transformation FE(—) ® FE(=) = FE(—®=), and hence FE is lax monoidal by Remark B.7} O

Proof of Proposition|B.12] We have
LFE(c®d)o(y.Y)
= —10g pewd (U @a)o (5Y'):3:Y) =108 Po (M(e@ary, (15 )xx')
— Sxx'mm [(C/ ®d/)w(ya}/)]
= —log pe(He;, (v):¥) —log pa(ta, , (¥'):3') = Po (e, (3:))xx')
—Sxm [ oy ()] = Sxrmr [déox, (y’)]
and
(LFE(c) ®LFE(d)) , (v,Y")
= LFE(¢)ay (v) +LFE(d)a,, (')
= —log pe(He;, (¥),¥) = Pax (Hew, (V)x) — Sxnr [l (V)]

—logpalttay, (¥),) — Pay (Hay,, (')xr) = S [ iy, )|
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so that

AFE(e,d)o(v,Y) = LFE(c®d)w(y,Y') — (LFE(c) ®LFE(d)) , (.))

~ log Pox@awys (IJ(c@d);u Y )xx1)
Po(Kegay, 3, )xx’)

as given above.

We need to verify lax naturality, which means checking the equation

ATE(eoc, fod) + Kk(e® f,e®@d) = ATE (e, f)aga + AT (e, d) 0 (€@ f)ega + Kle, ) OK(£.d)
where K is the o-laxator with components k(e,c) : LFE(e) ¢ LFE(c) = LFE(eo¢) given by

K(e.c)a(a) = 5 te] (BEE ) (e 0)1) By vy ] 108 P (B, ()

(see Proposition [3.23]). We have

AFE(eoc, fod) — log Pox@ay (W(cwdy, (“(e@f)’(@,,),w (2,2 )yy)xx')
7 Po(Heady, (Kesr)
=2 HFE (C, d)w(u(e®f)

and, by the Laplace approximation,

/(C®d)-a) (Z7 Z/)YY/ )XX/)

/(c®d)-w (Z7 ZI) Yy’ )XX, )

()LLFE(C7d) © (e/ ®f/)c®d)w(Z,Z/)

= E [ALFE(c,d)w(y,y’)]
vy nn') ~
(e®f)w(z:2)

x ALFE(C" d)a)(.u(e(@f)’@@d).w (Za Z,)YY')

1 LFE
+ E tr [(0(2%},/)}. (C, d)a)) (u(e®f)l(c®d)ow (Z7 Z/)YY/> Z(e®f)/(c®d)-w (Z, Z/)(YY,)(YY,)] .

We also have
(x(e,c)®@K(f,d)),(2,7)
= K(e,¢)ay (2) + K(f,d)ay, (2)

= 5[ (BEE ) () Bt @] = 108 Pt (000 ()
+ ! tr [(6§,E“

/ / _ /
2 (d,wx/)) (‘Llféowxl (Z )Y/) Zf(;owx/ (Z )YIY/:| o logpd:r.wX/ (‘LLf(;.wX, (Z )Y,)

1 ) "
- 5 tr |: <a(y"yl)E(C®d<a)X®wXI)

2(e®f)l(c®d>'(“’X®wX/) (z, Z/)(YY’)(YY’)]

— 108 P(cgd)" o(ox@0y) (1Y, .

/
) (“(6®f)'(c®d).(wx®wx,) (2,2 )YY')

/
FRRNCE Jyy) -

35
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The left-hand side of the lax naturality equation is therefore given by

(AYFE(evc, fod) + k(e®f,c®d))  (2.7)

= ALFE(C D)o (Ke@ ), g0 (32 r77)

2 [(‘%y E(eg, w)) (M@ 1Y, o0 G Y) De1Y, 00 (3 Z')m')(w')]
—logp(c@d)en (#(e@f )le@d)en (z, ZI)YY/)
while the right-hand side is given by
(AT (e, fega +ATE(e,d) o (¢ ® f)ega + K(e,€) @ K(fd)) , (2:2)
Pc@d)" o(@x@oy) (e® 1) g0 (17 DY)
P(c@d) o0 (K(e@f) e (217 )7¥7)

+AYE(c,d)w (.u'(e®f)’(y®d).w (22 )yy)

LFE
(0] (i 90) s

+ 5 [ (5(y,y) (c®d, wx®wxr)) (”(e®f)/(c®d)o(wx®wx,) (2,2 )yrr)

Z(e®f)(r®d) o (ox®oy ,)( )(YY/)(YY’)]
~ 108 P(ca) o (0r@y1) (K@) pn oy 0y (7 777)

== 10gp(c®d)%oa)(“(e@f)’(L@d).m (Z7 ZI)YY’) + ALFE(C’ d)w(‘u(e®f)/(c®d)-m (Z,ZI)YY’)

5 tf [ (%y )lLFE(C’d)“J (“<e®f>zf®d).w(z’zl)YY') E(e@fx@d),w(z,Z’)wm(ym]
1
5 [((9(”) (c®d, a)x@wx/)) (u(€®.f)l(c®d>.(wx®wxl)(ZvZ/)YY/)

!
Z(e®f),("®‘1)'<“’>(®wx/> (z,2 )(YY/)(YY/)] )

The difference from the left- to the right-hand side is thus

1
2 tr [(6(27 4 )Eélc@)d a))) (“(e®f)l((®d)oa) (Z’Z/)YY') Z@@f)/(c@d).m (Z’ZI>(YY/)(YY')]
1
— E tr [ (a( )Eélc®d wX@“’x’)) (u(6®f)/(6®d)'(ﬂ)x®wxr) (Z)Z/)YY/)

Z(e®f)/("®d)‘(“’)(®0’x/) (Z7 Z/) (YY/)(YY/)]
1 2 LFE
B E a [(a(y’yl)l (C, d)w) (“(@f)?c@d).w (Z’ Zl)YY’) Z(e®f)/((‘®d).w (Z’ Z/) (YY’)(YY’)] .

Now, by definition (g Dlegiren — Lo 1) c@iye(oxag)’ and so by the linearity of the trace and of derivation,

this difference simplifies to
1

u LFE
Etr[ (a(y) ") ( (c®d,w) E(c@d,wx®wxl) —A (C’d>w))

(N@@f)'(@d)m (2.2 )ry) Z(e®F ) ciren (z,z’)(yy')(yy')] :
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Recall from the proof of Proposition that EX _ (y) := E(m) (He (v),y), and hence

(c,)

(Elegaw) ~ Eé@d@x@@w)) (')
= (E(cod.0) ~ E(cado@og)) (Heway, 1,Y):3Y)
= —logpe (Ii(c@d);) (0, )xx’) +log Pox®@wy (Ivl(c@d)'w Y )xx)
Pox@oy (Hegay, (Y )xx!)
Po(Heway, (Y )xx')
=2 (e, d)o(3))

=log

u
so that £ (c®d,0) (c®d,wx @y

—E* = AYFE(c,d) ¢ = 0. This establishes that A-FF is lax natural.

37
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